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MEASURED QUANTUM TRANSFORMATION GROUPOIDS 


MICHEL ENOCH AND THOMAS TIMMERMANN 

Abstract. In this article, when G is a locally compact quantum group, we associate, 
to a braided-commutative G-Yetter-DrinfePd algebra (IV, a, a) equipped with a normal 
faithful semi-finite weight verifying some appropriate condition (in particular if it is 
invariant with respect to a, or to a), a structure of a measured quantum groupoid. The 
dual structure is then given by (IV, a, a). Examples are given, especially the situation of 
a quotient type co-ideal of a compact quantum group. This construction generalizes the 
standard construction of a transformation groupoid. Most of the results were announced 
by the second author in 2011, at a conference in Warsaw. 
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1. Introduction 


1.1. Locally compact quantum groups. The theory of locally compact quantum 
groups, developed by J. Kustermans and S. Vaes f [KVlj . [ KV2| h provides a compre¬ 
hensive framework for the study of quantum groups in the setting of C'*-algebras and 
von Neumann algebras. It includes a far reaching generalization of the classical Pontr- 
jagin duality of locally compact abelian groups, that covers all locally compact groups. 
Namely, if G is a locally compact group, its dual G will be the von Neumann algebra 
£(G) generated by the left regular representation \ G of G, equipped with a coproduct 
Tg from £>{G) on £>{G) <g) £>{G) defined, for all s e G, by Tg(Ag(s)) = Ag(s) (8) Ag(s), 
and with a normal semi-finite faithful weight, called the Plancherel weight ipc, associated 
via the Tomita-Takesaki construction, to the left Hilbert algebra defined by the algebra 
! %{G ) of continuous functions with compact support (with convolution as product), this 
weight Lpc being left- and right-invariant with respect to Tg m, vii, 3). 

This theory builds on many preceding works, by G. Kac, G. Kac and L. Vainerman, 
the first author and J.-M. Schwartz (lEED, Em s. Baaj and G. Skandalis ( [BSj ). A. 
Van Daele, S. Woronowicz |Wlj . [ W4j . [W5] ) and many others. See the monography 
written by the second author for a survey of that theory ( |Tilj ). and the introduction of 
| IES2j for a sketch of the historical background. It seems to have reached now a stable 
situation, because it fits the needs of operator algebraists for many reasons: 

First, the axioms of this theory are very simple and elegant: they can be given in both 
C*-algebras and von Neumann algebras, and these two points of view are equivalent, as 
A. Weil had shown it was the fact for groups (namely any measurable group equipped 
with a left-invariant positive measure bears a topology which makes it locally compact, 
and this measure is then the Haar measure [W]). In a von Neumann setting, a locally 
compact quantum group is just a von Neumann algebra, equipped with a co-associative 
coproduct, and two normal faithful semi-finite weights, one left-invariant with respect 
to that coproduct, and one right-invariant. Then, many other data are constructed, in 
particular a multiplicative unitary (as defined in [BSj) which is manageable (as defined 
in [Whj h 

Second, all preceeding attemps f | ES2j . [W4j l appear as particular cases of locally com¬ 
pact quantum groups; and many interesting examples were constructed am im 

IVV21). 

Third, many constructions of harmonic analysis, or concerning group actions on C*- 
algebras and von Neumann algebras, were generalized up to locally compact quantum 
groups ([V]). 

Finally, many constructions made by algebraists at the level of Hopf ^-algebras, or 
multipliers Hopf ^-algebras can be generalized for locally compact quantum groups. This 
is the case, for instance, for Drinfel’d double of a quantum group (jDj), and for Yetter- 
Drinfel’d algebras which were well-known in an algebraic approach in [M] , 


1.2. Measured Quantum Groupoids. In two articles ( |Vall] . fVal2] ). J.-M. Vallin has 
introduced two notions (pseudo-multiplicative unitary, Hopf bimodule), in order to gen¬ 
eralize, to the groupoid case, the classical notions of multiplicative unitary ([HH]) and of 
a co-associative coproduct on a von Neumann algebra. Then, F. Lesieur ([Lj), starting 
from a Hopf bimodule, when there exist a left-invariant operator-valued weight and a 
right-invariant operator-valued weight, mimicking in that wider setting what was done in 
(jKVU, jKV2j), obtained a pseudo-multiplicative unitary, and called “measured quantum 
groupoids” these objects. A new set of axioms had been given in an appendix of [E2 j. In 
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[ E2j and |E3j . most of the results given in [V] were generalized up to measured quantum 
groupoids. 

This theory, up to now, bears two defects: 

First, it is only a theory in a von Neumann algebra setting. The second author had 
made many attemps in order to provide a C*-algebra version of it (see mn for a survey); 
these attemps were fruitful, but not sufficient to complete a theory equivalent to the von 
Neumann one. 

Second, there is a lack of interesting examples. For instance, the transformation 
groupoid (i.e. the groupoid given by a locally compact group right acting on a locally 
compact space), which is the first non-trivial example of a groupoid (|R] 1.2.a), had no 
quantum analog up to this article. 


1.3. Measured Quantum Transformation Groupoid. This article is devoted to the 
construction of a family of examples of measured quantum groupoids. Most of the results 
were announced in Ena. The key point, is, when looking at a transformation groupoid 
given by a locally compact group G having a right action a on a locally compact space 
X, to add the fact that the dual G is trivially right acting also on L°°(X), and that 
the triple ( L°°(X ), a, id) is a G-Yetter-Drinfel’d algebra, and, more precisely, a braided- 
connnutative G-Yetter-Drinfel’d algebra. 

The aim of this article is to generalize the construction of transformation groupoids, 
using this remark which shows that this generalization is not to be found for any action 
of a locally compact quantum group, but for a braided-connnutative G-Yetter-Drinfel’d 
algebra. 

Then, for any locally compact quantum group G, looking at any braided-commutative 
Yetter-Drinfcl’d algebra (N, a, a), it is possible to put a structure of Hopf bimodule on the 
crossed product G ix Q N, equipped with a left-invariant operator-valued weight, and with 
a right-invariant operator-valued weight. In order to get a measured quantum groupoid, 
one has to choose on N (which is the basis of the measured quantum groupoid) a nor¬ 
mal faithful semi-finite weight v that satisfies some condition with respect to the ac¬ 
tion a; for example, v could be invariant with respect to a. It appears then that the 
dual measured quantum groupoid is the structure associated to the braided-commutative 
Yetter-Drinfel’d algebra ( N,a , a). 

In an algebraic framework, similar results were obtained in o and [BMj. It is also 
interesting to notice that, as for locally compact quantum groups, the framework of 
measured quantum groupoids appears to be a good structure in which the algebraic 
results can be generalized. 

The article is organized as follows: 

In chapter [2] are recalled all the necessary results needed: namely locally compact 
quantum groups (ED, actions of locally compact quantum groups on a von Neumann 
algebra (12.2(1 . Drinfcl’d double of a locally compact quantum group (12.3(1 . Yetter-Drinfel’d 
algebras (12.4(1 . and braided-commutative Yetter-Drinfel’d algebras (12.5(1 . 

In chapter |3l we study relatively invariant weights with respect to an action, and then 
invariant weights for a Yetter-Drinfcl’d algebra, and prove that such a weight exists when 
the von Neumann algebra N is properly infinite. 

In chapter SJ we construct the Hopf-von Neumann structure associated to a braided- 
commutative G-Yetter-Drinfcld algebra. The precise definition of such a structure is 
given in 14. II and 14.21 We construct also a co-inverse of this Hopf-von Neumann structure. 

In chapter 0 we study the conditions to put on the weight v to construct a measured 
quantum groupoid associated to a braided-commutative G-Yetter-Drinfeld algebra. These 
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conditions hold, in particular, if the weight v is invariant with respect to a. The precise 
definition and properties of measured quantum groupoids are given in 15.1115.2115.31 
In chapter O we obtain the dual of this measured quantum groupoid, which is the 
measured quantum groupoid obtained when permuting the actions a and a. 

Finally, in chapter [TJ we give several examples of measured quantum groupoids which 
can be constructed this way, and in chapter |8l we study more carefully the case of a 
quotient type co-ideal of a compact quantum group: in that situation, one of the measured 
quantum groupoids constructed in 17.4.41 is Morita equivalent to the quantum subgroup. 

2. Preliminaries 

2.1. Locally compact quantum groups. A quadruplet G = (M, T,<p,0) is a locally 
compact quantum group if: 

(i) M is a von Neumann algebra, 

(ii) T is an injective unital ^-homomorphism from M into the von Neumann tensor 
product M <g) M, called a coproduct , satisfying (r <g) id)T = (id <g) T)T (the coproduct is 
called co-associative ), 

(iii) p is a normal faithful semi-finite weight on M + which is left-invariant , i.e., 

(id <g) <p)T(x) = p(x)l M for all x G 9JI+; 

(iv) -0 is a normal faithful semi-finite weight on M + which is right-invariant , i.e., 

(0 <g) id)r(x) = 0(x)1m for all x G fhtj. 

In this definition (and in the following), (g) means the von Neumann tensor product, 
(id <g) ip) (resp. (0 ® id)) is an operator-valued weight from M 0 M to M 0 C (resp. 
C Cg)M). This is the definition of the von Neumann version of a locally compact quantum 
group il l\V2! h See also, of course |KV1] . 

We shall use the usual data HJ^, A^ of Tomita-Takesaki theory associated to the 
weight p (]T2] chap.6 to 9, [StZ] . chap.10, [St], chap.l and 2), which, for simplification, 
we write as H, J , A. We regard M as a von Neumann algebra on H v and identify the 
opposite von Neumann algebra M° with the commutant M'. 

On the Hilbert tensor product H eg) H, Kustermanns and Vaes constructed a unitary 
W, called the fundamental unitary, which satisfies the pentagonal equation 

w 23 w 12 = w 12 w 13 w 23 , 

where, we use, as usual, the leg-numbering notation. This unitary contains all the data 
of G: M is the weak closure of the vector space (which is an algebra) {(id(gun)(IP) : co G 
B(H)*} and T is given by ( |KV1] 3.17) 

T(x) = W*( 1 <g> x)W for all x G M, 

and 

(id®wj^(yp /2 ),A^))(VF) = (id (g) j ip A v (y 2 ),J l p(yi))^'( x *) 

for all x, 2/1 , y 2 in 90,. It is then possible to construct an unital anti-*-automorphism R 
of M which is involutive ( R 2 = id), defined by 

R[( id <g> lo^ v ) (IP)] = (id <g> co Jri) jf) (IP) for all £,r) E H. 

This map is a co-inverse (often called the unitary antipode ), which means that 

T o R = q o (A <g> R) o T, 
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where g is the flip of iff <g) iff ( (KVlj . 5.26). It is straightforward to get that p o R is 
a right-invariant normal semi-finite faithful weight and, thanks to a unicity theorem, is 
therefore proportional to i/j. We shall always suppose that iJj = ip o R. 

Associated to (iff, T) is a dual locally compact quantum group (iff, T), where iff is the 
weak closure of the vector space (which is an algebra) {(a; <8> id)(fF) : u G B(H)*}, and 
T is given by 

r(y) = aW(y <g) l)W*a for all y G iff. 

Here, a denotes the flip of H ® H. Let 

|M|„ = sup{|u;(a;*)| : x G Vi ip ,p(x*x) < 1}, 1^ = {oj G iff* : ||o;||^ < oo}. 

Then, it is possible to define a normal semi-finite faithful weight (p on iff such that 
<p((u) <g) id)(fF)*(o; <g) id)(fF)) = ||o;||^ ( (KVlj 8.13). and it is possible to prove that ip is 

left-invariant with repect to T f[ KVl] 8.15). Moreover, the application y y Jy*J is a 
unital anti-*-automorphism R of iff, which is involutive ( R 2 = id) and is a co-inverse. 
Therefore, (p o R is right-invariant with respect to T. 

Therefore G = (iff, T,(p,(p o R) is a locally compact quantum group, called the dual of 
G. Its multiplicative unitary W is equal to aW*a. The bidual locally compact quantum 
group G is equal to G. In particular, the construction of the dual weight, when applied 
to G gives that, for any u in iff*, (id ® u>)(W*) belongs to if and only if uo belongs to 
1 $, and we have then ||A ¥ ,((id <g) u;)(VF*))|| = ||o;||^. 

The Hilbert space H$ is isomorphic to (and will be identified with) H. For simplifica¬ 
tion, we write J for and A for we have, for all x G iff, R(x) = Jx* J ( [KV2 j 2.1). 
The operator W satisfies 

(A 1 * ® A U )W ® A~ u ) = W 
and (J® J)W(J ® J) = W*. 

Associated to (iff, T) is a scaling group , which is a one-parameter group r t of automor¬ 
phisms of iff, such that (|KV2j 2.1), for all x G iff, i G R, we have r t (x) = A lt xA~ lt , 
satisfying Tor t = (rt<g)Tt)r ( [KV1] 5.12). Ror t = r t oR ([KV1J5.21), and Toaf = (r*®crf)T 
f [KVT] 5.38) (and, therefore, To af° R = (af oR ® r_ t )T ( |KVI] 5.17)). 

The application S — R o r_j /2 is called the antipode of G. 

The modular groups of the weights <p and p>oR commute, which leads to the definition 
of the scaling constant A G R and the modulus, which is a positive self-adjoint operator 
5 affiliated to iff, such that (Dip o R : Dip) t = 

We have ip o Tt — A t ip, and the canonical implementation of r t is given by a positive 
non-singular operator P dehned by P lt A lf (x) = X t ^ 2 A ip (rt(x)). Moreover, the opera¬ 
tor A is equal to the closure of PJ5~ l J , and the operator 5 is equal to the closure of 
P-'JSJS- 1 A- 1 f (KV2] . 2.1 and [Y3] , 2.5). 

We have JJ = A*/ 4 JJ ( [KV2] 2.12). The operator P is equal to P , the scaling constant 
A is equal to AW Moreover, we have ( |Y3j . 3.4) 

W(A U ® A U )W* = S U A U ® A u . 

A representation of G on a Hilbert space K is a unitary U G iff ® B(K ), satisfying 
(T ® id)(Cf) = U 23 U 13 . It is well known that such a representation satisfies that, for any 
£, g in K, the operator (id ® uj^ v )(U) belongs to ID (S') and that 

S[(id ® W£,r))(U)] = (id ®uj^ v )(U*) 
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(a proof for measured quantum groupoids can be found in [E2], 5.10). 

Other locally compact quantum groups are G° = (M,q o T,(p o R, ip) (the opposite 
locally compact quantum group) and G c = (M', (j ® j) o T o j, ip o j, ip o R o j ) (the 
commutant locally compact quantum group) where j (x) = J (p x*J ip is the canonical anti- 
*-isomorphism between M and M' given by Tomita-Takesaki theory. It is easy to get 
that G^ = (G) c and <CL = (G)° f [KV2] 4.2h We have M n M = M'n M = M n M' = 
M' fl M' = C. The multiplicative unitary W° of G° is equal to (J 0 J)W(J 0 J), and 
the multiplicative unitary W c of G c is equal to (J 0 J)W(J 0 J). 

Moreover, the norm closure of the space {(id0o;)(IT) : u> G £(//”)*} is a G*-algebra 
denoted C'q(G), which is invariant under R , and, together with the restrictions of T, ip and 
ip o R will give the reduced C*-algebraic locally compact quantum group ( |KVlj . [KV2j ). 
In [K] was defined also a universal version C/(G), which is equipped with a coproduct 
T u . There exists a canonical surjective ^-homomorphism 7 i<& from Cf (G) to Cq(G), such 
that (7TG 0 7T(£)r u = T o 7T(Q . Then, ip o 7 Tg (resp. ip o Ro 7Tg) is a (non-faithful) weight on 
C*o(G) which is left-invariant (resp. right-invariant). 

If G is a locally compact group equipped with a left Haar measure ds, then, by duality 
of the Banach algebra structure of L 1 (G, ds), it is possible to define a co-associative co¬ 
product Tg, on L°°(G,ds) and to give to (L°°(G, ds), T^, ds, ds -1 ) a structure of locally 
compact quantum group, called G again; any locally compact quantum group whose 
underlying von Neumann algebra is abelian is of that type. Then, its dual locally com¬ 
pact quantum group G is (£(G),T s g , ipc, <Pg)), where £(G) is the von Neumann algebra 
generated by the left regular representation A q of G on L 2 (G,ds), T(f is defined, for all 
s G G, by rG(^G( s )) = A g (s) 0 A g (s), and <pq is defined, for any / in the algebra X(G) 
of continuous functions with compact support, by <Pg(J g f( s )^c( s )ds) = /(e), where e is 
the neutral element of G. Any locally compact quantum group which is symmetric (i.e. 
such that g o T = T) is of that type. 

Let (A,T) be a compact quantum group , that is, A is a unital C*-algebra and T is 
a coassociative coproduct from A to A 0 m i n A satisfying the cancellation property, i.e., 
(A 0 m m l)T(A) and (1 0 m i n A)T(A) are dense in A 0 m i n A ( [W4] ). Then, there exists 
a left- and right-invariant state cu on A, and we can always restrict to the case when 
c o is faithful. Moreover, T extends to a normal ^-homomorphism from n u (A)" to the 
(von Neumann) tensor product , k u {A)" 0 71 ' a ,(A) // , which we shall still denote by T, for 
simplification, and oj can be extended to a normal faithful state on n UJ (A)", we shall 
still denote uj for simplification. Then, (^(A)", T, cu, uS) is a locally compact quantum 
group, which we shall call the von Neumann version of (A, T). Its dual is called a discrete 
quantum group. 


2.2. Left actions of a locally compact quantum group. A left action of a lo¬ 
cally compact quantum group G on a von Neumann algebra N is an injective unital 
^-homomorphism a from N into the von Neumann tensor product M 0 N such that 

(id 0 a)a = (T 0 id) a, 

where id means the identity on M or on N as well ([V], 1.1). 

We shall denote by N a the sub-algebra of N such that x G N a if and only if a(x) = l0x 
([V].2). If N a = C, the action a is called ergodic. The formula T a = (</?oi?0id)a defines a 
normal faithful operator-valued weight from N onto N a . We shall say that a is integrable 
if and only if this operator-valued weight is semi-finite ([Vj 1.3, 1.4). 
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To any left action is associated (02.1) a crossed product G « a N = (a(N) UM® €)" 
on which G° acts canonically by a left action a, called the dual action (02.2), as follows: 

d(X) = (W°* 0 1)(1 0 X)(W° 0 1) for all X e G ix a TV; 

in particular, for any x E N and y E M, 

a(a(x)) = 1 <E> a(x), a(y <g> 1) = r°(y) ® 1. 

Moreover, we have (G x a N) a = a(N) (0 2.7). 

The operator-valued weight = (<p 0 id) o a is semi-finite ([V]2.5), which allows, for 
any normal faithful semi-finite weight v on N, to define a lifted or dual normal faithful 
semi-finite weight u on G ix a N by u = v o a -1 o T~ (03.1). The Hilbert space Ho is 
canonically isomorphic to (and will be identified with) the Hilbert tensor product H 0 H u 
(03.4 and 3.10), and this isomorphism identifies, for x E 9G and y E Tig, the vector 
A o((y 0 l)a(x)) with Aj(r/) (8) A u (x). Moreover, for any X E 9G, there exists a family of 
operators Jof the form A = E j(yi t j <8> l)a(x i} j), such that X, is weakly converging to X 
and Ao(Xi) is converging to Ao(X) (0, 3.4 and 3.10). 

Then 

Ul = J 0 (J® J v ) 

is a unitary which belongs to M 0 B(H U ), satisfies (T (8) id)(f7“) = (£7“) 2 3 (AJ)i 3 and 
implements a in the sense that o(x) = f/“( 1 <8) x)(U*)* for all x E N (0, 3.6, 3.7 and 
4.4). The operator [/“ is called the canonical implementation of a on H u . Moreover, we 
have, trivially, ([/“)* = (J <8> J v )Jo — (J <8) J U )U*(J (8) J v ), and we get that 

JoAo({y <8> l)a(x)) = £7“( JA$(y) <8> J v A v (x)). 

If we take another normal faithful semi-finite weight G on N, there exists a unitary u 
from H u onto which intertwines the standard representations 7 T U and 7r^, and we have 
then = (1 <8> u)U*(l ® u*) (0, 4.1). 

The application (^ <8> id) (id <8> a) is a left action of G on B(H) <8) N. Moreover, in the 
proof of (0, 4.4), we find that (er ® id)f4^^ (ld ® a) (cr ® id) = 1 <8> C7“. 

A right action of a locally compact quantum G on a von Neumann algebra N is an 
injective unital ^-homomorphism a from N into the von Neumann tensor product N(%>M 
such that 

(a <8) id)a = (id <8> T)o. 

Then, <^a is a left action of G° on N (where g is the flip from N £8 M onto M <8> N). 

In ([Y3]. 2.4) and ( [BY] . Appendix) is defined, for any normal faithful semi-finite weight 
v on N and t E R, the Radon-Nykodym derivative (Du o a : Du) t = A7(A _4t <8> 

This unitary D t belongs to M <8> N and 

(T <8) id)(A) = (id (8) a)(A)(l ® A), 

( |BVj 10.3 or V2| 3.4 and |Y3| 3.7) Moreover, it is straightorward to get 

A+s = D t (jt (8) O(A) = A(r s 0 O(A). 

2.3. Drinfel’d double of a locally compact quantum group. Let G = (M, T, <p, o 

R ) be a locally compact quantum group, G = (M, T, ip, tp o R) its dual, then it is possible 
to construct (0, nn, evi) another locally compact quantum group 

71(G) = (M 0 M, Td, <p ® <p ° R, 0 o 77), 
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called the Drinfel’d double of G, where T^ is defined by 

r D (x 0 y) — Ad(l 0 aW <g) i)(r(x) <g) r(y)) 

for all x G iff, y G M. Here and throughout this paper, given a unitary U on a Hilbert 
space Ti, we denote by Ad(D) the automorphism of B{$)) dehned as usual by x H > UxU* 
for all x G B(S)). 

The co-inverse Rn of D(G) is given by 

Rd(x <g) y) = Ad(W*)(R(x) 0 %)). 

This locally compact quantum group is always unimodular, which means that the left- 
invariant weight is also right-invariant. In the sense of ( [VVlj . 2.9), G and G are closed 
quantum subgroups of D( G), which means that the injection of M (resp. M) into the 

underlying von Neumann algebra of its dual D( G) preserve the coproduct. (See 17.4. II for 
more details about this definition.) 


2.4. Yetter-Drinfel’d algebras. Let G = (iff, T, ip, ipoR ) be a locally compact quantum 
group and G = (M,Y,(p,(p o R) its dual. A G -Yetter-Drinfel’d algebra ( |NVj ) is a von 
Neumann algebra N with a left action a of G and a left action a of G such that 

(id <g) a)a(x) = Nd(aW (g) 1) (id <g) a)a(x) for all x G N. 

One should remark that if (IV, o, o) is a G-Yetter-Drinfel’d algebra, then (iV, a, a) is a 
G-Yetter-Drinfel’d algebra. 

If B is a von Neumann sub-algebra of N such that a(B) C M 0 £> and a(B) C M <g) B, 
then, it is clear that the restriction a\ B (resp. a^) is a left action of G (resp. G) on B , and 
that (B, a|B, 0 |b) is a Yetter-Drinfeld algebra, which we shall call a sub-G-Yetter-Drinfel’d 
algebra of (N, a, a). 

2.4.1. Theorem ( [NVJ . 3.2). Let G = (M,T,(p,(p o R) be a locally compact quantum 

group, G = o R) its dual, D( G) its Drinfel’d double and N a von Neumann 

algebra equipped with a left action a of G and a left action a of G. Then the following 
conditions are equivalent: 

(i) (N,a,a) is a G-Yetter-Drinfel’d algebra; 

(ii) (id <g) a)a is a left action of D( G) on N. 

2.4.2. Theorem (([NV]. 3.2)). Let G = (M,T,ip,ip o R) be a locally compact quantum 
group, G = (M,Y,(p,(p o R) its dual, D( G) its Drinfeld’s double and a left action of 
D( G) on a von Neumann algebra N. Then there exist a left action a of G on N and a 
left action a of G on N such that an = (id (g) a)a. These actions are determined by the 
conditions 


(id <g> id <g> ci)od = Ad(l <g) crW <g) 1)(T <g> id <g) id)uD, 
(id (g) id <g) a)au = (id <g> T <g) id)o£>, 
and ( N,a,a ) is a G-Yetter-Drinfel’d algebra. 


2.4.3. Proposition. 


With the notation of \2.4-ty we have N a ° 


N a nN a . 


Proof. As an = (id <g) a) a, we get that N a D N a C N a °. On the other hand, using the 
formula (id <g) id <g) a) On = (id <g) T g) id)az>, we get that every x G N aD belongs to N a . 
Moreover, using the formula (id 0 id <g) a)an = Ad(l 0 aW 0 1)(T 0 id 0 id)n£>, we then 
get that every x G N a ° also belongs to N a . □ 
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2.4.4. Proposition. Let G = (M, T, ip, ip o R ) be a locally compact quantum group, G = 
(iff, T, (p, <p o R) its dual, (N, a, a) a G-Yetter-Drinfel’d algebra and u a normal faithful 
semi-finite weight on N. Let t £ R, D t — (Du o a : Du) t and D t = (Du o a : Du) t . Then 

Ad (aW ® 1)[(id <8> a)(A)(l ® A)] = (id ® a)(A)(l <8> A), 

and if u and u denote the weights on G ix a N and G ix^ N, respectively, dual to u, then 

Ad(aW® l)[(id® a)(A)(A if ® Af)] = (id ® a)(D t )(A it ® A?). 

Proof. As (T t ®r f )(kF) = IP for all t 6 R, the first equation is a straightforward application 
of ([BVJ. 10.4). The second one follows easily using the relations 

(A u ® Af)(IPV <g) 1) = (1 <g) A)(A lt ® A** ® At t )(PPV ® 1) 

= (1 (8) D t )(W*a ® l)(A a ® A** ® A") 

and D t (A lt ® Ajf) = Ap. □ 

2.4.5. Basic example and De Commer’s construction ( [DC] ). We can consider the 
coproduct Td of D( G) as a left action of -D(G) on M ® M. Using [2ATJ we get that 
there exist a left action b of G on M ® M and a left action b of G on M ® M such that 
Td = (id ® b)b. We easily obtain that for all X AM® M, 

b(X) = (T®id)(A), b(A) = Ad(olP® l)[(id®f)(A)]. 

Therefore, b and b appear as the actions associated by ([ DC] , 6.5.2) to the closed quantum 
subgroups G and G of D( G). 

De Commer’s construction allows us to make a link between this basic example and any 
Yetter-Drinfel’d algebra; namely, if (A, a, a) is a Yetter-Drinfel’d algebra, let us define 
Od = (id 0 a)a the left action of D( G) on N , and, given a normal, semi-finite faithful 
weight u on N , let Uf D , U°, Uf be the canonical implementation of an, a, a. In the sense 
of De Commer, a and a are “restrictions” (to G and G) of an and, using ( [DCj . 6.5.3 and 
6.5.4), we get that 

(b®id)(CC) = ( Uy ) 14 ( Uf D ) 234, (b® id)(C“ D ) = ( Uf ) 14 ( ) 234 . 

In particular, 

(A OD )i25(A OD )345 = (I'd ® id )(Uf°) 

= (id® b®id)(b®id)(C“ D ) 

= (id® b®id)[(A a )l4(A°)234] = ( Uf ) 15 ( Uf ) 25 ( Uf D ) 345 , 

whence Uf D = (C“) 23 (C“)i 3 - As this result depends on an unpublished part of [ DC] . we 
shall give a different proof of this formula in 13.81 using the techniques of invariant weights, 
and then give several technical corollaries of this fact which will be used throughout this 
paper. 

2.5. Braided-commutativity of Yetter-Drinfel’d algebras. 

2.5.1. Definition. Let G be a locally compact quantum group and a a left action of G 
on a von Neumann algebra N. For any x G N, let us define 

a c (x°) = (j ® -°)a(x) = Ad(J ® J^)[a(x)*], 

a 0 (x 0 ) = (R ® -°)a(x) = Ad (J ® J„)[a(x)*]. 
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Then a c is a left action of G c on N°, and a° is a left action of G° on N°. 

Let v be a normal semi-finite faithful weight on N and v° the normal semi-finite 
faithful weight on N° defined by v°{x°) = v{x) for any x G N + . Let D t = ( Duo a : Du) t , 
D° = (Du° o a° : Dv°) t , which belongs to M® N°, and Df = D(v° o a c : Du°)t , which 
belongs to M' 0 N°. Then for all t G R, 

D°_ t = Ad(J0 J v )[D t ], D c _ t = Ad {J®J v )[D t \. 

2.5.2. Lemma. Let G be a locally compact quantum group, a a left action of G on a von 
Neumann algebra N, v a normal faithful semi-finite weight on N, and Uf the standard 
implementation of a. Then: 

(i) (G k 0 N) 1 = G° K a o N°)(U*)*; 

(ii) ([/“)* is the standard implementation of the left action a° on N° with respect 
to the opposite weight u°. In particular, (£/£)* is a representation of G° and 
a°(x°) = ([/“)*( 1 0 x°)Ul for all x G N. 

(in) A l iUl = U*D°_ t (A lt 0 A^) and Ad(A 4t ® A l f)[(U*)*] = (D°_ t )*(U*)*D t for all 
t G E. 

Proof, (i) The relation £/" = J„(J 0 J v ) and the definition of the crossed products imply 

f/“(G° k 0 o = J*(J® J V ){{JMJ 0 1 Hv ) U a°(N°))"{J®Ju)J» 

= MG K a N)Jt 
= (G K n N)'. 

(ii) Denote by p the weight on G° K a o N° dual to v°. By §3 in jVj, there exists a 
GNS-map A M : 91^ —>■ H 0 H u determined by 

(1) A M ((Jr/J 0 l H Ja°(x°)*) = JA(y) 0 J„ A v (x) 

for all y G 91- and x G 9 X v , and the standard implementation Uf 0 of a° with respect to 
v° is given by Ufl = J M (J 0 J v ). 

On the other hand, the GNS-map A^ for the dual weight v yields a GNS-map for 
the opposite u° on the commutant J„(M K a N)Jp, determined by 

( 2 ) Apo (Mv ® i )a(x)M — ® iM^)) = Jo{A{y) ® M(x)) 

for y G 9t^ and x G 9Tv- 

Comparing (HJ) with (J2J) and using the relation [/“ = Jo(J ® Jv), we can conclude that 

A „((E£)*a££) = (f/“)*Aj>o(a) 

for all a G 9U°- Consequently, and Ufl = J M (J 0 J v ) = (£/£)*. 

(iii) Using UNA we have: 

A^C/“(A _it 0 A;") = Ai‘J p (70 J,)(A"^ 0 A"**) 

= J f A?(j0j,)(A- it 0A; ft ) 

= J 0 D t (A lt 0 A")(J® J v )(A- ft 0 A“**) 

= MJ®Ju)D°_ t 

= U*D°-t 

from which we get the first formula, and then the second one by taking the adjoints. □ 

to 


2.5.3. Definition. Let G be a locally compact quantum group and (TV, a, a) a G-Yetter- 
Drinfel’d algebra. Since Ad(JJ) = Ad(JJ), the following two properties are equivalent: 

(i) a c (IV 0 ) and a c (7V°) commute; 

(ii) a°(7V°) and a°(N°) commute; 

We shall say that (TV, u, a) is braided-commutative if these conditions are fulfilled. 

It is clear that any sub-G-Yetter-Drinfel’d algebra of a braided-commutative G-Yetter- 
Drinfel’d algebra is also braided-commutative. 

2.5.4. Theorem (( |Ti2| )). Let G be a locally compact quantum group, (TV, a, a) a G- 
Yetter-Drinfel’d algebra, v a normal faithful semi-finite weight on N, and Uf the standard 
implementation of a. Define an injective anti-*-homomorphism /? by 

P(x) = Ufa?{x°) (U“)* = M{U a u {Ul)*)[l ® J v x*J v ] for all x E N. 

Then: 

(i) P(N) commutes with a(IV). 

(ii) (TV, a, a) is braided-commutative if and only if f3(N) C G TV. 

Proof, (i) The two formulas for (3{x) coincide by Lemma [2.5.21 (ii), and clearly, (3{N) C 
U*(M ® 7V°)(U“)* commutes with a(N) = 17“(1 ® N)(U*)*. 

(ii) Using Lemma 12.5.21 (i). we see that fi(N) = Ufa°(N°)(Uf)* lies in G K a TV if and 
only if it commutes with (G tx 0 TV)' = U*( G° ix a o N°)(Uf)*, that is, if and only if a°(N °) 
commutes with JMJ ® 1 h v and with a°(N°). But since a°(N° ) CM® N°, the first 
condition is always satisfied. □ 

2.5.5. Proposition. Let G be a locally compact quantum group and (IV, a, a) a braided- 
commutative G-Yetter-Drinfel’d algebra. Then N a C Z(N) and N a C Z(N). 

Proof. Using E75.ll we get that the algebra 1 ® ( N a )° commutes with a°(IV 0 ), and, there¬ 
fore, that 1 ® N a commutes with a(IV). As it commutes with B(H) ® 1, it will commute 
with B(H ) ® N, by ([V|, th. 2.6). This is the first result. Applying it to the braided- 
commutative G-Yetter-Drinfel’d algebra (IV, a, a), we get the second result. □ 

3. Invariant weights on Yetter-Drinfel’d algebras 

In this chapter, we recall the definition (13. lj) and basic properties (13.2113.3(1 of a normal 
semi-finite faithful weight on a von Neumann algebra IV, relatively invariant with respect 
to a left action a of a locally compact quantum group G on N. Then, we study the case 
of an invariant weight on a Yetter-Drinfel’d algebra (IV, a, a) (13.41 [375]) , and we prove that 
if N is properly infinite, there exists such a weight (13.10(1 . 

3.1. Definition. Let G be a locally compact quantum group and a a left action of G 
on a von Neumann algebra N. Let k be a positive invertible operator affiliated to M. 
A normal faithful semi-finite weight v on N is said to be k-invariant under a if for all 
x E N + , 

(id ® iy)a(x) = v(x)k. 

Applying T to this formula, one gets T(fc) = k ® k, whence k lt is a (one-dimensional) 
representation of G for all t E R. So, k lt belongs to the von Neumann subalgebra I(M) of 
M generated by all unitaries u of M such that T(w) = u®u. As I (M) is globally invariant 
by r t and R , using ( |BVj . 10.5), we get that it is a locally compact quantum group, whose 
scaling group will be the restriction of r t to 7(M). Since this locally compact quantum 
group is cocommutative, we therefore get that the restriction of r t to I(M) is trivial, from 
which we get that r t (k) = k for all t E R. 
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This property implies that P and k (resp. A and k ) strongly commute. Therefore their 
product kP (resp. kA) is closable, and its closure will be denoted again kP (resp. kA). 

It is proved in ( [Y3] . 4.1) that v is /c-invariant if and only if, for all f G R, we have 
(Du o a : Du) t = k~ lt 0 1 (or, equivalently, A l ~ = kr lt A lt 0 Af). 

If k — 1, we shall say that u is invariant under a. 

3.2. Proposition. Let G be a locally compact quantum group, a a left action of G on 
a von Neumann algebra N, and iq and z/ 2 two k-invariant normal faithful semi-finite 
weights on N. Then {Du i : Duf)t belongs to N a for all t G R. 

Proof. For k — 1, this result had been proved in ( |E3] 7.8) for right actions of measured 
quantum groupoids. To get it for left actions of locally compact quantum groups is just 
a translation. The generalization for any k is left to the reader (see |Y], 3.9). □ 

3.3. Proposition. Let G be a locally compact quantum group, a a left action of G on a 
von Neumann algebra N, and u a k-invariant faithful normal semi-finite weight on N. 
Then: 

(i) a{a({x)) = (Ad k~ lt o r t 0 a()a{x) for all x G N and t G R; 

(ii) for all x G 9t„, f G D(/c -1 / 2 ) and rj G H, ( 04 - 1 / 2 ^ 0 id)a(a;) belongs to and 
the canonical implementation U° is given by 

<g) id)(R“)A I/ (x) = A„ [( 04 - 1 / 2 ^ <g> id)a(x)]. 

Proof, (i) Since Af = k~ lt A lt <gi Af, 

a(af(x)) = af(a(x)) = {k~ lt A u <g) A i f)a{x){A~ it k it ® A~ u ) 

for all t G R. 

(ii) The first result of (ii) is proved (for k = h” 1 ) in (|Vj, 2.4), and the general case can 
be proved the same way. □ 

3.4. Theorem. Let G be a locally compact quantum group, (N , a, a) a G-Yetter-Drinfel’d 
algebra, Od = (id<g>a)a the action of D{ G) introduced in \2.4-l\ and u a faithful normal 
semi-finite weight on N. Then the following conditions are equivalent: 

(i) the weight u is invariant under a and invariant under a. 

(ii) the weight u is invariant under an- 

Proof. The fact that (i) implies (ii) is trivial. Suppose that (ii) holds. Choose a state c 0 
in M* and define v' = (a; <g) u)a. As (id ® id (g) u)ar> = u, we get that (id <g ) u') a = u. 

But 

(id <g) id <g) u')ao = (id <g) id <g) {cu (g) u)a)(id <g) a)a 

= (id <g) id <g) co <g) u) (id <g) T <g) id) (id 0 a) a, 

and, for any state u / in M*, 

(id u')a d = (id 0 (ca' 0 cu) o T 0 u)a D = u. 

Therefore, by linearity, we get that (id 0 id 0 v')cld = v. On the other hand, 

(id 0 id 0 u')a D = Ad(PFV)(id 0 id 0 n')(id 0 a)a 
= Ad(bF*cr)(id 0 (id 0 u')a)a 
= Ad(fF*cr)(id 0 u)a 

But, as (id 0 id 0 u')an = u, we get that u = (id 0 u)a , and, therefore, u is invariant 
under a. So, we get that u' = u, and u is invariant under a. □ 
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3.5. Definition. Let G be a locally compact quantum group and (N, o, a) a G-Yetter- 
Drinfel’d algebra. A normal faithful semi-finite weight on N will be called Yetter-Drinfel’d 
invariant if it satisfies one of the equivalent conditions of 13.41 

3.6. Theorem. Let G be a locally compact quantum group, (N, a, a) a G -Yetter-Drinfel’d 
algebra and an = (id® a)a the action of D( G) introduced in \2.f.l\ If ap is integrable, 
then there exists a Yetter-Drinfel’d invariant normal faithful semi-finite weight on N. 

Proof. Clear by [V], 2.5, using the fact that the locally compact quantum group -D(G) is 
unimodular. □ 

3.7. Corollary. Let G = be a locally compact quantum group and (N, a, a) 

a G-Yetter-Drinfel’d algebra. Denote by H the Hilbert space L 2 (M) = L 2 (M). Then 
(. B(H ) ® N, ft ® id)(id ® a), (<? ® id)(id ® a)) is a G-Yetter-Drinfel’d algebra which has 
a normal semi-finite faithful Yetter-Drinfel’d invariant weight. 

Proof. Let Od = (id® a)a be the action of D( G) introduced in 12.4. 11 Using ([V], 2.6), we 
know that the action (<j® id)(id® od) is a left action of D( G) which is cocycle-equivalent 
to the bidual action of op. As this bidual action is integrable QV], 2.5), it has a Yetter- 
Drinfel’d invariant semi-finite faithful weight bv !3.6l Using ([V], 2.6.3), one gets that this 
weight is invariant as well under (<j ® id) (id ® Od). □ 

3.8. Corollary. Let G be a locally compact quantum group, (N, a, a) a G -Yetter-Drinfel’d 
algebra, v a normal semi-finite faithful weight on N, U° and Uf the canonical imple¬ 
mentations of the actions a and'a, and /? the anti-*-homomorphism introduced in \2.5.f\ 
Then: 

(i) the unitary implementations of the actions a, a and ap are linked by the relation 

Uft = (U“) 23 (U“) 13 ; 

(n) (U“) 13 (U“) 23 = W l 2 (U«) 23 (U?) 13 W? 2 ; 

(m) Ad(l ® UftUft*)[W ® 1] = (Uft* l 3 W 12 = (Uf)* 23 Wf 2 (Uft 23 ; 

(iv) writing ft for the map x° H > ftx), we have 

Ad(fU ® 1)[1 ® ftx)] = (id ® /3^)(a°(x 0 )) for all x E N. 

Proof, (i) Suppose first that there is a faithful semi-finite Yetter-Drinfel’d invariant weight 
v' for (N, a, a). Then, for £i, ft, Vi, r h i n H, x E Al v , we get, using f3~3l 

fttj,i®£ 2 ,m®V 2 ® ^d )(U v i )A u /{x) = A l/ /[(a;^ 1 ®^ 2)f;i ® 7?2 ® id)a/)(x)] 

= A u >[(u ^ 2tV2 ® id)a {oj £ ltV1 ® id)a(a:)] 

= (<*W ® ® ift{Uf,)A u ftx)m, 

from which we get (i) for such a weight z/. Applying that result to 13.71 we get that there 
exists a normal semi-finite faithful weight if on B{H) ® N such that 

7 - 7 -(v 8 >id)(id®a£>) _ /rr(?®id)(id(g)a)\ /j- 7 -(?®id)(id®a)\ 

U iIj ~ { U if, /134- 

Using now ([V]4.1), we get that for every normal semi-finite faithful weight on N, 

rr (?®id)(id® 0 £)) _ /j- r (s®id)(id<g>a)\ / r r(f®id)(id®ci)\ 

U Tr®v — \ U Tr®v j234 \ U Tr®v 4134 

which by ((V]4.4) implies (i). 
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(ii) From (i) we get that (U“) 23 (U“)i 3 is a representation of D(G). Therefore, 

(U*) 45 (U a u ) 35 (U% 5 (U a u ) 15 = Ad(l ® aW <8> 1 <8> l)[(r < 8 > f <8> id)((E£) 23 (E£) 13 )] 

= Ad(l (8) aW <8> 1 <8> l)[(Uf) 45 (Uf) 35 (U^ 25 (U^} 

= (U“) 45 Ad(l <8) aW <8) 1 <8> 1)[(U“) 35 (U“) 25 ](U“) 15 , 


from which we infer that 

(U a u ) 3b (Ul )25 = Ad(l <8> aW ® 1 <8> l)m) 35 (UZ) 25 \. 

After renumbering the legs, we obtain (ii). 

(hi) The relation W( 2 (Uf)r 23 W V2 = (r < 8 > id)(£/£)* = (Uf)* 13 (Uf)* 23 implies 


Using (ii), we get 
and, therefore, 


m^wniuzhs = w a (u:y u . 
K)is(u;) 23 = w 12 (u;) 23 (u;y 23 w; 2 (u;) 23 
w^(u;) 13 = (u% 3 (u;y 23 w; 2 (u;) 23 (u°y 23 


which implies (iii). 

(iv) Relation (iii) and 12.5.21 imply 


Ad(W 12 )[/3(x) 23 ] = Ad(fU 12 (U“) 23 (U“) 23 )[l <8> 1 ® x°] 

= Ad((c/;) 23 (c/;)^(f/;); s w- 12 )[i ® 1 « x° 
= Ad((C/;) 23 (f/;); 3 )[n 0 (i 0 ) 13 ] 

= (id0/3 f )(a°(O). 


□ 


3.8.1. Remark. We have quickly shown in 12.4.51 that (i) can also be deduced from a 
particular case of ( [DC] 6,5), which remains unpublished. 

3.9. Lemma. Let N be a properly infinite von Neumann algebra. 

(i) Let (e n ) nG ]N be a sequence of pairwise orthogonal projections in N, equivalent to 
1 and whose sum is 1, and let (u n ) nG M be a sequence of isometries in N such that 
v* n v n = 1 and v n vf = e n for all n E IN, (and, therefore v*Vj = 0 if i j). Let H 
be a separable Hilbert space and u i: j a set of matrix units of B(H) acting on an 
orthonormal basis (£*)*. For any x E N, let 

<h(x) = ^ Uij <8) v*xvj 

Then $ is an isomorphism of N onto B(H) (8) N, and $ _1 (1 <8) x) = y~b VjXV*. 

(ii) Let a be a left action of a locally compact quantum group G = (M, T, cp, if) with 
separable predual M * on N. Then the operator V = J^ n (l <8> u n )a(u*) exists, is a 
unitary in M ®N and a cocycle for a, that is, (r <8> id) (U) = (1 <8) V) (id <8> a) (U). 
Moreover, the actions (<y <8> id) (id <8> a) and (id <8)$) ad*” 1 are linked by the relation 

(? (8) id)(id (8) a)(X) = Ad((id <8> $)(U))[(id <8) < h)a$" 1 (W)]. 

(iii) Let <f be a normal semi-finite faithful weight on N. Then for each n E IN, the 

weight <f> n on N defined by <f> n (x) = fi(v n xv*) for all x E N + is faithful, normal 
and semi-finite, and o $ _1 = ® 0n)- 
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(iv) Let ip be a normal semi-finite faithful weight on B(H) 0 N. Then, with the 
notations of (in) (ip o <3>) n (x) = ip(u n>n 0 x) for all x G N + . If ip is invariant 
under (5 0 id) (id 0 a) , then each (ip o $) n is a normal semi-finite faithful weight 
on N, invariant under a. 

Proof, (i) This result is taken from ( jTTjTh 4.6). 

(ii) This assertion is proved in ( |El] Th. IV.3) for right actions of Kac algebras, but 
remains true for left actions of any locally compact quantum group. 

(iii) Let (£j)*ew be the orthonormal basis of H defined by the matrix units . Then 

we can define an isometry / from L 2 (N) into H 0 L 2 (N ) by Irj = ( 8 ) vfiq for 

all 77 G L 2 (N). It is then straightforward to get that, for all sequences (r] n ) n£ jM such 
tha t En I l*7n 11 2 < 00 , we have /*(E4™ 0 fjn) = E n v nVn- Therefore, / is unitary and 
$(x) = Ixl* and for all x G N. So, for any ( G L 2 (N), o <f > _1 is equal to the normal 
weight Yjn ® Hence, 0 o <f > _1 is the weight <g) (p n . 

Let now x G N such that (p n (x*x ) = 0. By definition, we get that xv* = 0 and 
therefore x — 0 . So, the weight (p n is faithful. As (p is semi-finite, there exists in OJlJ 
an increasing family ^ | 1. For all n G IN, we get yk = (ui£ n <g> id)$(xfe) f 1 and 
<p n (Vk ) = ® 4>n)&(xk) < 4 >(xk) < oo, which gives that cp n is semi-finite. 

(iv) First, 

(ip O $) n (x) = (ip O §)(v* n XV n ) = 1p(^2 Uij <g> V*V n XV*Vj) = 1p(u nt n <g) x). 

i,j 

If ip is invariant under (<j <g) id)(id <g) a), then it is clear that all (ip o $) n are normal 
semi-finite faithful weights on N, invariant under a. □ 

3.10. Corollary. Let G = (M,T,(p,ip) be a locally compact quantum group such that the 
predual M* is separable, and (N, a, a) a G- Yetter-Drmfel’d algebra, where N is a properly 
infinite von Neumann algebra. Then this G-Yetter-Drinfel’d algebra has a normal faithful 
semi-finite invariant weight. 

Proof. Use the left action op = (id ® a)a of -D(G) on N and apply 1X71 and 13.9l iv). □ 

4. The Hopf bimodule associated to a braided-commutative 

Yetter-Drinfel’d algebra 

In this chapter, we recall the definition of the relative tensor product of Hilbert spaces, 
and of the fiber product of von Neumann algebra (14.11) . Then, we recall the definition of a 
Hopf bimodule (14.2|) and a co-inverse. Starting then from a braided-commutative Yetter- 
Drinfel’d algebra (N, a, a), and any normal semi-finite faithful weight v on N, we first 
construct an isomorphism of the Hilbert spaces H (g) H <g) H u and (H 0 Hfi) p® a (H 0 Hfi) 

V 

(14. 3 p and then show that the dual action a of G° on the crossed product G x a N, modulo 
this isomorphism, can be interpreted as a coproduct on Gx 0 iV (14.41) . Finally, we construct 
an involutive anti-*-automorphism of G 1 x a N which turns out to be a co-inverse (14.61) . 

4.1. Relative tensor products of Hilbert spaces and fiber products of von Neu¬ 
mann algebras ([C], [S], [T2j, [EVal] 1. Let N be a von Neumann algebra, ip a normal 
semi-finite faithful weight on N] we shall denote by //,/., Thp, ■ ■ - the canonical objects of 
the Tomita-Takesaki theory associated to the weight ip. 

Let a be a non-degenerate faithful representation of N on a Hilbert space TC. The set 
of ^-bounded elements of the left module a J~C is 

D( a X,iP ) = G fit : 3G < 00 , ||a(s/)f|| < C\\AM\\y y G 014. 
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For any £ in D( a X,il}), there exists a bounded operator i? a ’^(£) from H\p to X such that 

= a (y)£ for all y G %p, 

and this operator the actions of N. If £ and 77 are bounded vectors, we define the operator 
product 

which belongs to Tr^(N)'. This last algebra will be identified with the opposite von 
Neumann algebra N° using Tomita-Takesaki theory. 

If now j3 is a non-degenerate faithful anti-representation of N on a Hilbert space X, 
the relative tensor product X X is the completion of the algebraic tensor product 

b 

K © D( a X, ijj) by the scalar product defined by 

(£l ©T7 i|£ 2 ©772) = W{{Vl\V2)a,^l\^2) 

for all £1 , £2 G X and 771,772 G D( a X,ij}). If £ G X and 77 G D( a X, ijj), we denote by 
£ p® a 77 the image of £ 0 77 into X p® a X. Writing p^’ Q (£) = £ V, we get a bounded 

Tp 'Ip Ip 

linear operator from X into X X, which is equal to 0 ^, R a ^(rj). 

V 

Changing the weight ?/> will give an isomorphic Hilbert space, but the isomorphism will 
not exchange elementary tensors! 

We shall denote by a^ the relative flip, which is a unitary sending X X onto 

i> 

X a ®p X, defined by 

xp° 

©/,(£ V) = V a®f3 £ 

if) 1p° 

for all £ G D(X^,'tp°) and 77 G D( a X,ip). 

If x G j3(N)' and y G a (IV)', it is possible to define an operator x y on X X, 

-Ip 'Ip 

with natural values on the elementary tensors. As this operator does not depend upon 
the weight t/>, it will be denoted by x y. 

N 

If P is a von Neumann algebra on X with a(N) C P, and Q a von Neumann algebra on 
X with j3(N) C Q, then we define the fiber product Q p* a P as {xp® a y : x G Q', y G P'}'. 

N N 

This von Neumann algebra can be defined independently of the Hilbert spaces on which 
P and Q are represented. If for i = 1, 2, cq is a faithful non-degenerate homomorphism 
from N into P. n and /% is a faithful non-degenerate anti-homomorphism from N into 
Qi, and <3> (resp. T) a homomorphism from P\ to P 2 (resp. from Qi to Q 2 ) such that 
$ o a\ = a 2 (resp. $ 0 ^ = /5 2 ), then, it is possible to define a homomorphism T /3i*ai ® 

N 

from Qi Pl * ai P 1 into Q 2 p 2 * a2 P 2 - 

N N 

We define a relative flip qv from £(3C) p* a L(X) onto L(X) a *p L(X) by sn(X) = 

N N° 

cr^X(a^)* for any X G £(9C) p* a £(X) and any normal semi-finite faithful weight ■£> on 

N 

N. 

Let now U be an isometry from a Hilbert space X\ in a Hilbert space X 2 , which 
intertwines two anti-representations j3\ and /3 2 of N, and let V be an isometry from a 
Hilbert space Xi in a Hilbert space X 2 , which intertwines two representations oq and 
a 2 of N. Then, it is possible to define, 011 linear combinations of elementary tensors, 
an isometry U p x ®> ai V which can be extended to the whole Hilbert space Xi TC 

Ip Ip 
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with values in % 2 /3 2 ® a2 3^2 ■ One can show that this isometry does not depend upon the 

i> 

weight tp. It will be denoted by U V. If U and V are unitaries, then U p x ® ai V is 

N N 

an unitary and (U ^0^ V)* = U* p 2 ® a2 V*- 

N N 

In ( [DC] , chap. 11), De Commer had shown that, if N is finite-dimensional, the Hilbert 
space %p® a ‘K can be isometrically imbedded into the usual Hilbert tensor product X ®TC. 

V 

4.2. Definitions. A quintuple (N, M,a, /3,T) will be called a Hopf bimodule, following 
( [Val2j . [EValj 6.5), if N, M are von Neumann algebras, a is a faithful non-degenerate 
representation of N into M, (3 is a faithful non-degenerate anti-representation of N into 
M , with commuting ranges, and T is an injective ^-homomorphism from M into Mp* a M 

N 

such that, for all X in N, 

(i) T{p(X)) = lp® a p(X), 

N 

(ii) r(a(X)) = a(X) p<g> a 1, 

N 

(in) T satisfies the co-associativity relation 

(r p* a id)r = (id p* a r)r 

N N 

This last formula makes sense, thanks to the two preceeding ones and 14.11 The von 
Neumann algebra N will be called the basis of (N, M, a, (3, T). 

In ( [DC] , chap. 11), De Commer had shown that, if N is finite-dimensional, the 
Hilbert space L 2 (M ) L 2 (M) can be isometrically imbedded into the usual Hilbert 

V 

tensor product L 2 (M ) <g) L 2 (M ) and the projection p on this closed subspace belongs to 
M®M. Moreover, the fiber product Mp* a M can be then identified with the reduced von 

N 

Neumann algebra p(M (8) M)p and we can consider T as a usual coproduct M , 

but with the condition T(l) = p. 

A co-inverse R for a Hopf bimodule (N, M, a, (3, T) is an involutive ( R 2 = id) anti- 
*-isomorphism of M satisfying R o a = (3 (and therefore R o /3 = a) and T o R = 
<Pvo ° (R p* a R) ° r, where <pvo is the flip from M a *p M onto M p* a M. A Hopf bimodule 

N N° N 

is called co-commutative if N is abelian, (3 = a, and T = ?oT. 

For an example, suppose that S is a measured groupoid, with S® as its set of units. We 
denote by r and s the range and source applications from S to given by xx^ 1 = r(x) 
and x~ l x = s(x), and by the set of composable elements, i.e. 

S (2) = {(x,y) E S 2 : s(x) = r{y)}. 

Let (A“) ueg (o) be a Haar system on 9 and v a measure on 9 ( '°' ) - Let us denote by /i the 
measure on 9 given by integrating X u by v, 

y= [ A u dv. 

J g(o) 

By definition, v is called quasi-invariant if // is equivalent to its image under the inversion 
x I —> x~ l of 9 (see m , m n .5, [Pa] and [ARj for more details, precise definitions and 
examples of groupoids). 

In [Ylj . [Y2] . [Y3 j and [ Val2] was associated to a measured groupoid 9, equipped 
with a Haar system (A u ) ueS (o) and a quasi-invariant measure v on 9 ( '°\ a Hopf bimodule 

with an abelian underlying von Neumann algebra (L oo (9 ( ' 0 \ ^), L°°(9, p), rg, sg, Tg), where 
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rg (g) = g o r and sg(g) = g o s for all g in L oo (S < ' 0 ' ) ) and where Tg(/), for / in L°°(9), is 
the function dehned on ft 2 ' 1 by (s,t) H)■ f(st). Thus, Tg is an involutive homomorphism 
from L°°(S) into L°°(S ( ' 2 ^), which can be identified with L 00 (S)s*r-h 00 (9)- 

It is straightforward to get that the inversion of the groupoid gives a co-inverse for this 
Hopf bimodule structure. 

4.3. Proposition ( |Ti2j ). Let G be a locally compact quantum group, (N, a, ci) a braided- 
commutative G-Yetter-Drinfel’d algebra, [3 the injective anti-*-homomorphism from N 
into GK 0 iV introduced in \2.5.j\ and v a normal semi-finite faithful weight v on N. Then 
the relative tensor product (Ft 0 Ftft 0 ® a (H 0 Ftft can be canonically identified with 

V 

H®H®H V as follows: 

(i) For any 77 G H, p G 9t„, the vector Uftg 0 J v A v {jp)) belongs to D( a (H 0 Ftft, u) 
and 

R a,v {Uf(r) 0 J u A„(p))) = U a J v JupJu , 

where ft is the application ( — * 77 0 ( from H u into H 0 H u . There exists a 
unitary Vj from (.H 0 Ftft 0 ® a (Ft 0 H u ) onto H 0 Ft 0 tt u such that 

V 

Vi(H 0 ® a Ft ftp 0 J v A v (p))) = p 0 ftp*)Z for allE G H 0 H u , 

V 

and Vi(X 0 ® a (1# 0 IhJ)) = (1 H 0 X)V\ for all X G ftN)', in particular, for 

N 

X G ftN). Morover, writing ft for the map x° 1 —> ftx), we have for all x G N, 

0 1 #J 00 a ( 1 /r 0 a°)] = (id0/3 t )(a°(x°))F L , 

N 

Vi[(l H 0 1 H u ) ftx)] = (id 0 ^ t )(a°(x°))Vi. 

N 

(ii) For any f G F[, q G 9t„, the vector UftUft*(f®A u (q)) belongs to D( 0 (FI®Ftft, v°) 
and 

® a„(«))) = u;(u;yi (q . 

There exists a unitary Vj from (Ft 0 Ftft 0 ® a (Ft 0 Ftft onto Ft ® Ft ® ti u such 

V 

that 

V 2 (UftUft*ft 0 A u (q)) 0 ® a 5] = f 0 a(g)S for allZeH 0 FF„, 

V 

and V 2 ((l h <8> 1^) / 30 a -X") = (1# 0 X)V 2 f° r all X G a(iV)', m particular, for 

N 

X G 0(JV). 

(Hi) V 2 Vf = a 12 (Uft 13 (Uft 23 (Uft* 3 = a l2 W l2 (Uft 23 (Uft* 23 Wf 2 . 

Proof, (i) For all n G 2fl u , 

UfftJ v pJ v A v (n) = Uf (77 0 J v pJ v A v (n )) = Uftp 0 nJ v A v (p)) = a(n)Uft 77 0 J v A v (p)), 

which gives the proof of the first part of (i). Let now 77 ' G Ft, p' G Th,, S' G H 0 Fh,. 
Then 


(£W ® J,A,(p'))l^(^ ® J„A v {p)))l v = J u p*Jj;i v ,J u p'J u = (vW)ftp*p'Jv 
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and hence 


(2/?<8> b U a (ri® J v A v {p))\E' ^® a U a (rj' ® J.A.(p'))) = 

V V 

= G0«17V 0 J.A.Cp')), U a ( V ® JuK{p)))l „)3|S') = 

= (»7 IV) (/3(pV) 51 S') 

which proves the existence of an isometry Vi satisfying the above formula. As the image 
of V\ is dense in H 0 H 0 H u , we get that Vf is unitary. 

Next, let 2 G B(H), x E N . Then 

(z 0 /3(rr))hi[H ,s0 a UZ(-n 0 J.A.(p))| = zr / 0 /3(x)/3(p*)E 

V 

= zr]® f3((x*p)*)E 
= Vi[E f)® a U*(zr) ® J v A v (x*p))] 

V 

= TA[H^® a U“(2 (8) x°)(?7 0 J.A.(p))], 

V 

that is, (2 0 j3(x))V 1 = Vi(l £0 O I /“(2 (8) x°){U*)*). In particular, 

V 

(id 0 ft){K°(x°))V x = W(l p® a (!/“)*) = ^l(l 0 ®a (1 H ® O), 

Z^ z' 

(id®/3t)(a°(<>)^ = = Vi(l p ® a /3(x)). 

V V 

(ii) We proceed as above. First, we have 

U a MrkqJ v K{n) = U a u {Uly{i®J u nJ v K{q)) = /3(n%°(£/“)*(£ 0 A.(g)), 

which gives the proof of the first part of (ii). Let now £' G H, q' E 9b,. Then 

(0(0)* (£ ® A.(g)) „0 O H|O(O)*0 0 A.(g')) ,0. S') = 

Z' Z' 

= (a((^(C/5)*(e®A I ,(g)),^(C/5)*(e'®A i ,(g'))) /3 ,.0)512') = 

= (£|£')(a(0<z)s|s') 

which proves the existence of an isometry U 2 satisfying the above formula. Again, as the 
image of V 2 is dense in H ® H ® H v , we get (ii). 

(iii) Applying (i), we get 

^i[0(0)*(£ ® A.(g)) ^ C/«(r 7 0 J„A.(p))] = 

V 

= V ® /3(p*)0(0)* (£ ® A.(g)) = v ® 0(0)* (£ 0 J»pJvK{q)) = 

= r]®U a My{i®qJ u A v (p)), 

and, applying (ii), we get 

^[0(0)*(£ ® A.(g)) ^ U a v {r] ® J.A.(p))] = 

V 

= £ 0 a(q)U*(r] ® J.A.(p)) = £ 0 Ofa ® gJ.A.(p)), 

from which we easily get (1# 0 0(0)*0i = (cr 0 1/0(0 0 (0)*)0 Using Corollary 
I3.8l iii). we conclude 

UU = <T 12 (t/;) 13 (£/;) 23 (E/„% = ^ 2 ir 12 (t/«) 23 (t/;); 3 ir- 2 . □ 


19 



4.4. Theorem ( |Ti2] ). Let G be a locally compact quantum group and (N, a, a) a braided 
commutative G-Yetter-Drinfel’d algebra. We use the notations ofW ^I 

(%) For X G G x a N, let T(X) = V*d(X)V\. Then this defines a normal * 
homomorphism T from G x a iV into (G tx a N) @* a (Gk„ N ). For all x G N, 


r(a(x)) = a(x) p® a (1 


H 


N 


l Hj, 


N 


r(/3(x)) = (i H ® i h v ) p® a ftx), 

N 

and for all y G M, 

r(j/® l Hv ) = v*{f°{y) <8> l)Ifi = V*(T(y) <8> 1 h J^2. 

(ii) (N, G tx a N, aft, r) is a Hopf bimodule. 

(in) We have a{ft{x°)) = {id® ft)a°{x 0 ), where ft has been defined inU 73, 


(li 




L H„), 


N 


Proof, (i) and (iii) Let x G N. Then I4.3f iii) implies 

f (a(x)) = V7a(a(x))Vi = V*(1 H <8> a{x))V l = a(x) 

in particular, f(a(x)) lies in (G x a N) p* a (G k 0 N). 

N 

Next, by definition, 

T(P{x)) = M{VfW£)[l <8> ftx)\ = M{VfWft{U a u ) 23 )[l <8> a°(x°)]. 

Since Uf G M <8) B{H U ) commutes with W° G M <8> M' , this is equal to 

Ad(V 1 *(Uft 23 )W™)[l®a 0 (x°)} = Ad(T 1 *)[(id® / d t )(aO(xO))] = (1 H ® l Hv ) /3(z), 

N 

where we used I4.3f i). From this calculation, one gets (iii) as well. 

For y G M, we get by definition of T 

f{y (8) 1) = Ad(y 1 *)[a(j/ <8> 1)] = Ad(y i *)[f°( ?/ ) <8> 1] = M{VfW l2 )[y <8> 1 <g> 1]. 

By |4]3] (iii), V{W 12 = V 2 *a 12 W 12 (Uft 23 (Uft* 23 and hence 

f {y <£> 1) = Ad{V 2 *a 12 W 12 {Uft 23 {U a ft* 23 )[y <8> 1 <8> 1] = Ad(t?)(f (y) <8> 1). 

To see that f (y <8) 1) lies in (G x a N) p* a (G ix 0 N), note that for any Y in (G«, N)', 

N 

Ad(Vi)[K g® a (1 h <8> 1 h v )\ = Ih ® F = Ad(V' 2 )[(l_f/ (8) l^-J ^<8) a V ] 

W JV 

bv 14.31 and 1 h <£> Y commutes with 

Ad(Vi)(f (y <8) 1)) = T°{y) ® 1 and Ad(y 2 )(f(?/ <8> 1)) = f {y) <8> 1. 

(ii) To get (ii), we must verify that F is co-associative. It is trivial to get that 
(f g* a id)f (a(x)) = a{x) g® a (1 H ® 1 h v ) (1 h ® 1 h v ) = (id g* a f)f (a(x)) 

N N N N 


for all x E N. 
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Next, let y G M and consider the following diagrams, 


M ® l Hv 


T(g)id 



M ® M ® 1 


id<g>r 


H v 


ad^y*) &id 


M®(Gx a N) p* a (G k 0 N) 

N 

ad(y*) ^*aid 

2 AT 


(G K a N ) p* a (G x 0 N) —(G x a N) p* a (G x a N) p* a (G K a N) 

N ld /3*a r N jv 


-r> „ ?23(r®id) r®id /„ n t \ 'T7 

M® l Hv -- M®l Hu ®M -- (Gk„]V) p* a (G x 0 N) ® M 

N 


id<8>ad 


(V - !*) 


id ( g* a ad/y-*N 
TV K 1 ' 


(G x a N) p* a (G x a N) — (G x a N) p * a (G x a N) p* a (G x a N) 


N 


r^fcaid 

1 V 


N 


N 


where V\ denotes the composition of the unitary V\ with the flip r\®^®C,' r ^^®C,®r\ 
(for £, r) in H and ( in H v ). The triangles commute by (i) and the squares commutes by 
definition of V\ and Vi- Next, consider the following diagram: 


M ® 1, 


r®id 


?23(r®id) 


M ®M® l Hv 


id®r 


4d®?as(r®id) rigid® id, 

M ® M ® l Hv ® M 


id(8>ad 


(V*) 


ad^y*) 0id 


M ® 1 h„®M 


r®id 


M®{ Gk 0 N) p* a (G x n N) 


N 


ad(y*) ^* a id 


(G x a iV) p* a (G * a N)®M 


id ( g* a ad^y*^ 
N * 


N 


(Gx a iV) p* a (G x a N) p* a (Gx a iV) 

N N 


The upper middle cell commutes by co-associativity of T, the left and the right triangle 
commute by (i), and the lower middle cell commutes because the following diagram does, 


V2/3®oid 

(H ® H v ) p® a (H ® H v ) p® a (H ® H u ) -— 

V V 

id/3<g) a Vi 

N 


H®((H® H v ) p® a (H ® H v )) 

V 

id<8>Vi 


((H ® H v ) p® a (H ® H v )) ® H 

V 


V20id 


H ® (H ® H u ) ® H 


where both compositions are given by 

U2( U 2)*({, ® ^u(q)) 0 ® a 5 p® a U*{r) ® J„A„(p)) ^ £ ® a(q)P(p*)E ® rj. 

V V 

Combining everything, we can conclude that (T^n^id)oT(?/(g)l) = (id J g* o r)or(?/(E)l). □ 

N N 
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4.5. Proposition ( [Ti2j ). Consider on the Hilbert space H 0 H u the anti-linear operator: 

i = ui(j 0 J„)ul(u:y = u a My{j 0 j u ){u a v y = u a My j z ul(u a u y, 


where u denotes the dual weight of v on the crossed product G N. 

(i) I is a bijective isometry and I 2 — 1. 

(ii) Ia(x)*I = j3{x) and I/3(x)*I = a(x) for all x G N. 

(in) I(y* 0 1)1 = R(y ) 0 1 for all y G M. 

(iv) If cr„ denotes the flip from (H 0 H v ) y® a (H 0 H u ) to (H 0 H u ) a ®p ( H 0 H v ), 

V v° 

then 

U 2 = (J0l)y 1 (/ a 0^ I)o v . 

N° 


Proof, (i) The relation Uf = ,L~(J 0 J„) (12.2(1 shows that the three expressions given for 
/ coincide and that / is isometric, bijective, anti-linear, and equal to I*. Moreover, the 
formula I = UfflJf)*JHJfflJf)* shows that / 2 = 1h 0 1 h„- 

(ii) We only need to prove the first equation. But by 12.5.41 

Hx)‘I‘ = Ad(£C(£C)*(J® i)W)[»W1 = Ad(C/“(C/“)*) [1 ® x°] = P(x). 

(iii) Using IXHT iii) and the fact that Uf is a representation, we find that 

(J 0 I)Wi 2 {J 0 I) = Ad((t/") 23 (J 0 J 0 J„)(U“) 23 (U“)y [W 12 ] 

= Ad((f/") 23 (J 0 J 0 J,))[(TO 3 W 12 ] 

= Ad((f/“) 23 )[(U“) 13 Wy 

= wy 

For any £, 77 in //, we can conclude that 

0 id)(W)V 0 1)/ = 0 id) (WO 0 1)/ = (oj^ v 0 id)(WO* 0 1, 

from which (iii) follows by continuity. 

(iv) By (ii), 

Vfll o 0^ I)a v [Ul{Ul)*(£ 0 A v (q)) ^0 a S] = VflIE p® a U a flJf 0 J v A„(q))\ 

V° V V 

= JZ®/3(q*)IZ 
= 0 Ia(q )5 

= (J0/)V 2 [W(e0A,(?))^0 a S]. □ 


4.6. Theorem ( |Ti2j ). Let G be a locally compact quantum group, (N,a,a) a braided- 
commutative G-Yetter-Drinfel’d algebra and I the anti-linear surjective isometry con¬ 
structed in \4.5[ Then: 

(i) For all z G G\x a N, let R(z ) = Iz*I. Then R is an involutive anti-*-isomorphism 
of G * a N, and R(a(x )) = (3(x), R(/3(x)) = a(x) and R(y 0 1 Hv ) = R{y) ® 1 h v 
for all x G N and y G M. 

(ii) R is a co-inverse for the Hopf bimodule (N, G K a N, a, (3, T) constructed in\4-4 


Proof, (i) This is just a straightforward corollary of 14.5f iii and (iii). 
(ii) We need to prove that 

T = Qv°(-R f) 0a R)TR. 

N 
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Using (i), we find that for x G N, 

SN°(Ri 3 ®a R)TR(a(x)) = SN°(Rp® a R)f(/ 3 (x)) 

N N 

= Sn°(R /30q R){{1h <8> 1 H v ) P®a fl{x)) = d(^) /3®o (1 H <0 1 H v ) 

N N N 

coincides with T(a(x)). For y G M, we conclude from 14.41 and I4.5f iv) that 
Qv°(-R/30 a R)TR(y 0 1 H v ) = SN°{Rp®a R)f(R(y) 0 l Hv ) 

N N 

= Qv° (R /3<8) q -R)[U 2 *(r(.R(?/) 0 1^)14] 

N 


= V{((R®R)r(R(y))®l Hv )V l 


= T(y® l Hv ) 


As G x 0 A" is the von Neumann algebra generated by a(N) and M 0 1 h„, this finishes 
the proof of (ii). □ 

4.7. Lemma. Let G be a locally compact quantum group, (N, a, a) a braided-commutative 
G-Yetter-Drinfel’d algebra, T the injective *-homomorphism from G \x a N into (G tx a 
N) g* a (G x a N) defined in \4-4\ 5 the dual action of G on G tx n N, and Vj as in \4-‘J\ 

N 

Denote by r the flip from (H®H u )p<S>^ lm flH<S>H<S>H u ) onto H<g>[(H®H u ) p® a (H®H u )] 

v u 

given by 

r(S / g0(i® o )(f ®E')) = f®Ep® a S' 

17 i/ 

for all f G H, 5 G D(p(H 0 H v ), u°), S' G D( a (H 0 H v ), v). Then: 

(i) (id p* a o)r(X) = r*(id 0 f )a(X)r for all X e G K 0 A. 

~ N 

(ii) U 2 r(X)U 2 * = (R®R)a(R(X)). 

Proof, (i) For any xf G M', we have Vi[(l H 0 l Hv ) p® a (x' 0 l Hv )] = (x 1 0 l H 0 1/rjVi. 

N 

As W° belongs to M 0 M', we infer 

(3) (1 H 0 V\)t[{1h 0 l,f/J/301(g>ci(bF O 0 1 H v )\ = (hF° 0 1 H® ^H v )(f-H 0 V\)t. 

N 

Therefore, we can conclude that for all X G G ix a N, 

(id p* a a)r(X) = Ad([(l// 0 livJ,s0i®a(bF o * ® ^-h v )]t*{Ih 0 UT ))[1 h 0 a(A)] 

TV N 

= Ad(r*(l H 0 U;)(1F 0 * 0l ff 0 1 Hv Wh ® a(X)] 

= Ad(r*(l H 0 U 1 *))[(f° 0 id)o(X)] 

= Ad(r*(l H 0 Vf))[(id 0 o)u(X)] 

= r*(id 0 f )a(AT)r. 

(ii) ByEliii), 

Ad(U 2 )[f(X)] =Ad((J0 /) V^Alp®, /))[?(*)] 

N 

= Ad((j 0 /)Ui)[r^(x*)] 

= (R®R)a(R(X)). □ 
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5. Measured quantum groupoid structure associated to a 

BRAIDED-COMMUTATIVE YETTER-DRINFEL’D ALGEBRA EQUIPPED WITH AN 

APPROPRIATE WEIGHT 

In this chapter, after recalling the definition of a measured quantum groupoid (15.1)1 
and describing the major data associated to a measured quantum groupoid (15.2115.31) . we 
try to construct, given a braided-commutative G-Yetter-Drinfel’d algebra (A , a, a) and a 
normal semi-finite faithful weight on N, a structure of a measured quantum groupoid, 
denoted <3(N,a,a,v), on the crossed product G x a N or, more precisely, on the Hopf 
bimodule constructed in 14.61 Without any hypothesis on the normal faithful semi-finite 
weight v on N, we construct a left-invariant operator-valued weight ()5.4j) and a right- 
invariant one (15. 4p . and we give a necessary and sufficient condition for a weight v on N 
to be relatively invariant with respect to these two operator-valued weights (15.91) . This 
condition is clearly satisfied (15.10)) if v is /e-invariant with respect to a (for k affiliated to 
Z(M), or k = <5 _1 ). 

5.1. Definition of measured quantum groupoids ( [Lj . [E2j). A measured quantum 
groupoid is an octuple 0 = (TV, M, a, /3, T, T, T', v) such that ( |E2) . 3.8): 

(i) (TV, M, a, (3, T) is a Hopf bimodule, 

(ii) T is a left-invariant normal, semi-finite, faithful operator-valued weight from M to 
a(N) (to be more precise, from M + to the extended positive elements of a(N) (cf. |T2| 
IX.4.12)), which means that, for any x G 971^, we have (id p* a T)T(x) = T(x) p® a 1. 

v N 

(iii) T' is a right-invariant normal, semi-finite, faithful operator-valued weight from M 
to (3(N ), which means that, for any x G 97t£,, we have (T' p* a id)T(x) = 1 @<8) a T'{x). 

v N 

(iv) v is normal semi-finite faithful weight on N, which is relatively invariant with 
respect to T and T', which means that the modular automorphisms groups of the weights 
$ = z/oq? _1 oT and T = vo j3~ l oT' commute. The weight $ will be called left-invariant, 
and T right-invariant. 

For example, let 9 be a measured groupoid equipped with a left Haar system (A“) ueS (o) 
and a quasi-invariant measure v on 9^°b Let us use the notations introduced in 14.21 If 
/ G L°°(9,/i) + , consider the function on 9^°\ u i-G f g fd\ u , which belongs to L oo (9 < - 0 \ v). 
The image of this function by the homomorphism rg is the function on S, 7 *->• f g fdA r(7) , 
and the application which sends / to this function can be considered as an operator¬ 
valued weight from L°°(9,/i) to rg(L oo (9 ( ' 0 \ v)) which is normal, semi-finite and faithful. 
By definition of the Haar system (A“) ugg (o), it is left-invariant in the sense of (ii). We 
shall denote this operator-valued weight from L°°(9,/i) to rg(L oo (9 ( ' 0 \ v)) by Tg. If we 
write X u for the image of X u under the inversion x i—>■ x _1 of the groupoid 9, starting from 
the application which sends / to the function on 9^ defined by u ha fdX u: we define a 
normal semifinite faithful operator-valued weight from L°°(9, fk) to Sg(L oo (9 ( ' 0 \ n)), which 
is right-invariant in the sense of (ii), and which we shall denote by 

We then get that 

(£“( S <0) , v), i“(S, A,r 9, » s , r 9 , Tg, ‘t v) 

is a measured quantum groupoid, which we shall denote again 9- 

It can be proved ( |E4] ) that any measured quantum groupoid, whose underlying von 
Neumann algebra is abelian, is of that type. 
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5.2. Pseudo-multiplicative unitary. Let 0 = (TV, M, a, /?, T, T, T', u) be an octuple 
satisfying the axioms (i), (ii) (iii) of 15.11 We shall write 77 = 77$, 7 = 7$ and 7 ( 77 ,) = 
Ja(n*)J for all n G N. 

Then ([L], 3.7.3 and 3.7.4), 0 can be equipped with a pseudo-multiplicative unitary 
W which is a unitary from 77 77 onto 77 a ® 7 77 ( [E2j . 3.6) that intertwines a, 7 , /3 

V V° 

in the following way: for all X G N, 

W(a(X) p® a 1) = (1 a ® 7 a(X))W, 

N N° 

W(lf,® a p(X)) = {l a fyP(X))W, 

N N° 

W( 7 (W) p ® a 1 ) = ( 7 (X) q ( 8) 7 1)W, 

N N° 

lT(l^ a7 (X)) = (/3(X) a ® 7 l)lT. 

N N° 

Moreover, the operator W satisfies the pentagonal relation 

(1 a < 8) 7 W)(W 0 ® a 1 H ) = {W a ® 7 1 7 < 8 >« 1)(1 p® a 0 >)( 1 p® a W), 

N° N N° ’ N N N 

where cr^ goes from (77 a <g ) 7 77) p® a 77 to (77 ^< 8 ) a 77) Q (g ) 7 77, and 1 o> goes from 

v° v v v° N 

77 ^< 8)0 (77 a ® 7 77) to 77 ^<g) a 77 7 0 a 77. The operators in this formula are well-defined 

V V° V V 

because of the intertwining relations listed above. 

Moreover, W, M and T are related by the following results: 

(i) M is the weakly closed linear space generated by all operators of the form (id * 
oj£ tV )(W), where £ G D( a H,u) and 7 G D(H 7 ,v°) (see [ E2] , 3.8(vii)). 

’(ii) T(x) = W*( 1 a ® 7 x)W for all x G M(\ E2j, 3.6). 

N° 

(iii) For any x, yi, 7/2 in ^Jl T fl 04$, we have ( |E2] . 3.6) 

(id * CJj < 1 > A < 1 > ( y *j / 2 ) i A s (a;))(f^) = p* a Uj^ A ^y 2 ) ! j ifA ^ yi ' ) )T(x*). 

N 

If N is finite-dimensional, using the fact that the relative tensor products can be identified 
with closed subspaces of the usual Hilbert tensor product 114.111 . we get that W can be 
considered as a partial isometry, which is multiplicative in the usual sense (i.e. such that 
W 23 Wi2 = W 12 W 13 W 23 .) 

5.3. Other data associated to a measured quantum groupoid. ([Lj, IF.21 ) Suppose 
that 0 = (N, M,a, j3,T,T,T',u) is a measured quantum groupoid in the sense of 15.11 
Let us write $ = v o cc _1 o T, which is a normal semi-finite faithful left-invariant weight 
on M. Then: 

(i) There exists an anti-*-automorphism R on M such that 

R 2 = id, R(a(n)) = f3(n) for all n G N, T o R = q N °(R p* a R)T 

N 

and 

R({id*Uz tV )(W)) = (id*(u Jr? , J? )(W) for all £ G D( a H,u),rj G D(H„u°). 

This map R will be called the co-inverse. 

(ii) There exists a one-parameter group r f of automorphisms of M such that 

Ro Tt = T t oR, r t (a(n)) = a(<r?(n)), r t (j3(n)) = /3(a?(n)), r o a? = (r t p* a of ) r 

N 

for all t G R and and n G N. This one-parameter group- will be called the scaling group. 
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(iii) The weight v is relatively invariant with respect to T and RTR. Moreover, R and 
T t are still the co-inverse and the scaling group of this new measured quantum groupoid, 
which we shall denote by 

0 = (N, M, a, P, T, T, RTR, u), 

and for simplification we shall assume now that T' = RTR and T = $ o R. 

(iv) There exists a one-parameter group 7 * of automorphisms of N such that 

<Tt(P( n )) = /% t(n)) 

for all tel and n G N. Moreover, we get that v o = v. 

(vi) There exist a positive non-singular operator A affiliated to Z(M) and a positive 
non-singular operator 5 affiliated with M such that 

(£>$ o R : D$) t = \ u 2/2 5 u , 

and therefore 

(D$ o af° R : D$) t = \ ist . 

The operator A will be called the scaling operator , and there exists a positive non-singular 
operator q affiliated to N such that A = a(q) = /3(g). We have R( A) = A. 

The operator 5 will be called the modulus. We have R(S) = h ” 1 and r t (8) = 5 for 
all t G R, and we can define a one-parameter group of unitaries S lt p® a 8 lt which acts 

N 

naturally on elementary tensor products and satisfies for all t G R 

r(s it ) = s it P 9 a s u . 

N 

(vii) We have (D<$> o r t : DQ) S = X~ lst , which proves that Tt o erf = erf o r t for all s, t 
in R and allows to define a one-parameter group of unitaries by 

P lt A$(x) = A i// 2 A$(r t (x)) for all x G 01$. 

Moreover, for any y in M, we get that 

r t {y) = P^yP-*. 

As for the multiplicative unitary associated to a locally compact quantum group, one can 
prove, using this operator P, a “managing property” for W, and we shall say that the 
pseudo-multiplicative unitary W is manageable , with “managing operator” P. 

As r t o af = erf o T t , we get that J$PJ$ = P. 

(viii) It is possible to construct a dual measured quantum groupoid 

0 = (iV, M, a, 7 , T, T, T', v) 

where M is equal to the weakly closed linear space generated by all operators of the form 
(aj£, v * id)(W), for ^ G D(Hp, u°) and 7 G D( a H, u), T(y) = a u oW(y p® a 1 )W*a u for all 

N 

y G M, and the dual left operator-valued weight T is constructed in a similar way as the 
dual left-invariant weight of a locally compact quantum group. Namely, it is possible to 
construct a normal semi-finite faithful weight $ on M such that, for all £ G -D(Pg,i/ > ) 
and 77 G D( a H, u) such that belongs to /$, 

S(H„»id)(wo*H, * M)(wo) = IK,|||. 

We can prove that af o a = a o <j” for all t G R, which gives the existence of an operator¬ 
valued weight T, which appears then to be left-invariant. 
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As the formula y t->- Jy*J ( y E M) gives a co-inverse for the coproduct T, we get also 
a right-invariant operator-valued weight. Moreover, the pseudo-multiplicative unitary W 
associated to © is W = a v W*a u , its managing operator P is equal to P, its scaling group 
is given by r t (y) = P lt yP~ lt , its scaling operator A is equal to A -1 , and its one-parameter 
group of unitaries 7 1 of N is equal to 7 _ t . 

We write <f> for v oa~ l o T, identify with H, and write J = Jg. Then R(x) = Jx*J 
for all x E M and W* = (J a G> 7 J)W(J a ® 1 J). 

N° N° 

Moreover, we have (5 = 0. 

For example, let 9 be a measured groupoid as in 15.11 The dual 9 of the measured 
quantum groupoid constructed in 15.11 (and denoted again by 9) is 

9 = (L°°(9 (( V),£(g),rg, rg, fg, Tg, fg), 

where -£(9) is the von Neumann algebra generated by the convolution algebra associated 
to the groupoid 9, the coproduct T s had been defined in ( |Vall| 3.3.2), and the operator¬ 
valued weight Tg had been defined in ( [Vail] . 3.3.4). The underlying Hopf bimodule is 
co-commutative. 

5.4. Theorem ( |Ti2j ). Let G be a locally compact quantum group and (N , a, a) a braided- 
commutative G-Yetter-Drinfel’d algebra. Then the normal faithful semi-finite operator¬ 
valued weight T- a from G K a A onto a(N) flY] 1.3 and 2.5) is left-invariant with respect to 
the Hopf bimodule structure constructed in £3 and R o T- a o R is right-invariant. 

Proof. For all positive X in G tx a N, we find, using fOT il and 14.61 

(id p*a 2 ~a)f (X) = (id ^ 0 (<po R® id)a)T(X) 

N N 

= (<p o R < 8 ) id)(id <g) T)a(X) 

= f(T a (X)) 

= Ta(X) /3® a (1 H ( 8 ) \ Hv ) 

N 

which proves that T- a is left-invariant. Using 14.61 we get trivially that R o o R is a 
normal faithful semi-hnite operator valued weight from G t < a N onto /3(N ), which is 
right-invariant with respect to the coproduct F. □ 

In the situation above, we shall denote by ®(N,a,a,v) the Hopf-bimodule (N, G tx a 
N,a,j3, T) constructed in 14.4( h). equipped with its co-inverse R constructed in I4.6f ii). 
with the left-invariant operator-valued weight T 5 and the right-invariant operator-vlaued 
weight R o Ta o P, and with the normal semi-hnite faithful weight v on N. 

5.5. Proposition. Let G be a locally compact quantum group, ( N , a, a) a braided-commu¬ 
tative G-Yetter-Drinfel’d algebra, v a normal semi-finite faithful weight on N, D t its 
Radon-Nikodym derivative with respect to a 112.2) and D° the Radon-Nikodym derivative 
of the weight u° on N° with respect to the action a° \2.5.1\) . For all t 6 R, denote by r t 
the map Ad[Uf(Uf)*A~Uf(Uf)*] defined on B(H < 8 > H u ), where v is the dual weight of v 
on the crossed product G 1 Ah Then: 

(i) r t o j3{x) = /3(af(x)) for all x E N and 1 6 R. 

(ii) for all t G R, Tt commutes with Ad I, where I had been defined in 
therefore T t (a(x)) = a(af(x)) for all x 6 N and t E R. 
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4.5\ and, 





















(Hi) Denote by ft the application x° H y j3(x) from N° into G ix a A. Then 
(id <g) T t )(W 12 ) = A^(id 0 ft){D°_ t )W l2 ( id 0 a)(D t )Af 

= (r_ t 0 t )(id 0 r)(W) 12 (r_ t 0 a) (A)- 

(iv) T t ( G x a N) = G ix 0 N and r t o R = Ror t . 

Proof, (i) For any x G N, 

tMx)) = Ad(C/‘(t/“)*)[Af] • Ad(C/“(C/“)*)[l <s> a°] ■ Ad(C£(C/J)*)[Ar«] 

= Ad(f7“(f7“)*A~)[l 0 x°] 

= Ad(^(^*)[A(l®<(*)°)Al 

= Ad(^(E/J)*)[l®<(a;) 0 ] 

= 

(ii) The first assertion follows from the fact that J~ and A~ commute. To conclude 

\ / _ V 1/ 

that T t (a(x)) = a(af(x)), use (i) and I4.5f ii). 

(iii) Let t G R. Then lZAAf iiif and 12. II imply 

Ad((A 0 A,f)[{U a v )\ 3 W 12 ] = Ad((A) 23 (A 0 A 0 A V ) U )[{U^W 12 } 

= {D t ) 23 (DU)\ 3 X‘)\ 3 (D t ) 13 W 12 (D t y 23 
= (Di t )i 3 (D t ) 23 (u;y a (D t ) a Wu(D t y 23 . 

But 12.4.41 gives that (id 0 a)(A)(A ) 2 3 = Wf 2 (U°) 13 (Dt) 23 (U°)l 3 (D t )i 3 Wu, whence 
(AMAXlAHalMAfe = (A%IU 2 (1®3)(A). 

We insert this relation above and find 

Ad((A0 A tfWXsWul = {D°_ t )l 3 • (Uf)l 3 W 12 • (id 0fl)(A). 

We use this relation and Ad(l 0 Uf(Uf)*)[Wi 2 \ = {Uf)\ 3 Wi 2 (13.81) . and find 

(id 0 r t )(w 12 ) = Ad(i H 0 c/“(c/5)*a| u*(uzy)[w 12 \ 

= Ad(A-“ ® f/;(f/«)*)[Ad((A » A 5 )")((t/;); 3 n- 12 )] 

= Ad(A-“ 0 u;{u;y)[(D°_ t y l3 ■ (u;y l3 w 12 ■ (id ® ska)] 

= Af"(id ® /3 , )(B°,)W'i 2 (id 0 o)(B,)A“ 

(iv) For any uj G M*, the element r t [(o; 0 id)(W) 0 1] belongs to G x n N because 

r t [(uj 0 id)(W) 0 1] = (uj o r_ t )[(id 0 ft)(D°_ t )W 12 (id 0 a)(A)]- 

By continuity, we get that f f (i/0l) belongs to G x a A for any y G M. Together with (ii), 
we obtain that r)(G ix n A) C G x a A, and, as r is a one-parameter group of automorphisms, 
we have r t (G x 0 N ) = G x a A. By (ii), f) commutes with R. □ 

5.6. Lemma. Let G be a locally compact quantum group, (A, a, a) a braided-commutative 
G-Yetter-Drinfel’d algebra, v a normal faithful semi-finite weight on A, D t its Radon- 
Nikodym derivative with respect to a / 1 2.2) and u the dual weight of v on the crossed 
product G x a A. Then for all t G R, 

(id 0 a*)(W 12 ) = S^AyAVrAid 0 a)(A) A? = (id 0 a t ){W) 12 {r_ t 0 a)(A)- 
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□ 


Proof. By ( [Y3l . 3.4) and 12.21 

(id <g> a*)(W 12 ) = [D t (A u 0 0 A;") A*] 23 

= ^Ar i (A)23Wi2Af(A*)23 
= ^A^lff^r <8) id)(A)(A*)2 3 Af 
= <$r ft Ai ft W 12 (id ® a)(A)A?. 

5.7. Proposition. Let G be a locally compact quantum group, ( N , a, a) a braided-commu¬ 
tative G-Yetter-Drinfel’d algebra, v a normal faithful semi-finite weight on N, and v the 
dual weight of v on the crossed product G x a N. Then the one-parameter group % of 
G x a A constructed m l 5. .51 satisfies, for all t e R, 

fo< = (% P* a <rf) of, f O = (ar n g* a f_ t ) o f. 

N N 

Proof. Let x E N and tel. Then I5.5f ii) and 14.41 imply 
f o af(a(x)) = f (o«(x))) = a(af(x)) p® a 1 

N 

= in p* a <)(o(x) p® a 1) = (f t g* a af)f (a(x)). 

N N N 

Next, let U 2 be the unitary from (H 0 H u ) (H 0 H u ) onto H 0 H 0 LG introduced 

V 

in 14.31 and denote by £ the weight on G K a iV dual to v as before. Then 

V 2 [Ut(Ul)‘Ap’(U;r e®« ® o(?)H) = y 2 [lC(Uj)*Af (f <8 A„(?)) Ai<=] 

AT tv 

= n[i/;(i/;rB,(A“e ® a„«(<?))) ?®. a“sj 

N 

= (id0a)(A)(A^0a«(g))Af5) 

= (id 0 a)(A)(A lt 0 A£)(f 0 a(g)S). 

Let now y G iff. Then by 14.41 

Ad(U 2 )[f(?/0 1)] = f (y) 0 1 = Ad(<Ji 2 hLi 2 )[|/0 1]. 

Using these two relations and 12.4.41 we find 

Ad(U 2 )[(f / 3 * a af)(t(y® 1))] = Ad((id 0 a)(D t )(A lt 0 A l f)a l2 W 12 )[y 0 1 0 1] 

N 

= Ad(er 12 fU 12 (id 0 a)(A) (A lt 0 A-))[?/0 1 0 1] 

= Ad(a 12 W 12 (U^) 23 (D t ) l3 )[a t (y) 0 1 0 1]. 

By03(iii), (J\ 2 W X2 {Uf) Ti = V 2 VfWi 2 (U “) 23 and hence 

Ad(Ui)[(f ^ crf)(r(s/ 0 1))] = Ad(W 12 (t7“) 23 (A)i 3 )[^(j/) ® 1 ® 1 ] 

N 

= Ad(fUi 2 (id0 a)(D t )(D t ) 23 )[a t (y) 0 1 0 1] 

= Ad((D t ) 23 W 12 )[a t (y) 0 1 0 1] 

= Ad((A)23)[r°(^(y))0l]- 
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On the other hand, 


Ad(Vi)[f«(2/<g> 1))] = a«(j/®l)) 

= Ad((W&)*)[af(y0l)] 

= Ad((w? 2 )*(D t ) 23 )[d t (y)®i} 

= Ad((A)2 3 (w ?o ); 2 )[a t (j / )®i] 

= Ad((A) 23 )[(r 6 ( 5 t (y))«i)], 

showing that (f p* a af)(T(y 0 1)) = f (< 7 ^( 2 / <g) 1)). 

N 

Since G x a N is generated by a(N) and M 0 1, the first of the two formulas follows. 
Using HTH ivh the second one is easy to prove from the first one. □ 

5.8. Corollary. Let G be a locally compact quantum group, (N,a,a) a braided-commu¬ 
tative G-Yetter-Drinfel’d algebra, v a normal faithful semi-finite weight on N, and v the 
dual weight of v on the crossed product G k„ N. Then there exists a one-parameter group 
7 1 of automorphisms of N such that af(/3(x)) = p{pf t (x)). 

Proof. Using 15.71 we get that for all x G N and t G R, 

f {af(P(x))) = (r t g* a af)(f(/3(x))) = (r t p* a af)(l p® a /3(x)) = 1 p® a <r?(P(x)) 

N N N N 

from which we get the result by (jL], 4.0.9). □ 

5.9. Theorem. Let G be a locally compact quantum group, (AT, a, a) a braided-commu¬ 
tative G-Yetter-Drinfel’d algebra, v a normal faithful semi-finite weight on N, D t the 
Radon-Nikodym derivative of v with respect to the action a, v the dual weight of v on 
the crossed product G K a N, Tt the one parameter group of automorphisms of G tx 0 N 
constructed in 1 ,5. ,51 and 7 1 the one parameter group of automorphisms of N constructed 
in E3 Let be the automorphism of M defined by = Tt o Ad <5 lt (let us remark 
that <f > 4 is an automorphism of G). Then the following conditions are equivalent: 

(i) (47 0 7 t)(D s ) = D s for all s, t in R. 

(ii) af and t s commute for all s, t in R. 

(in) of and a u s ° R commute for all s, t in R. 

(iv) <3(N,a,a,v) is a measured quantum groupoid. 

If these conditions hold, then r t is the scaling group of <&(N,a,a,v), and 74 is the one 
parameter group of automorphisms of N defined m \5.3\f iv). 

Proof. The restrictions of af and t s on a(N) always commute because o r s (a(x)) = 
a(a( o af(x)) and t s o af(a(x)) = a(a^ o a((x)) for all x G N by I5.5f ii). 

Using now 15.6115.5f iiil and 12.21 we get that 

(id 0 T s af){W l2 ) = 5f lt A^(id 0 T s )(W 12 )(id 0 r s o)(A)Af 

= ^A^A^^id 0 p')(D°_ a )W 12 (id 0 a)(A)Ai s (id 0 a<)(A)Af 
= (i+t) (id 0 P')(D°_ a )W 12 (. id 0 a)(A(r fl 0 <)(A))A? +t) 

= 5r it A- i ( s+t )(id 0 pi)(D°_ 8 )W 12 ( id 0 a)(A+t)Al (s+t) 
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and, on the other hand, 


(id ( 8 ) a^T s )(W 12 ) 


Ar is (id <8> o*p')(D °_ a )(id <8> of )(W 12 )(id <8> a"a){D s )A\ s 
A^(id <S> p*'fi)(D 0 _ a )8f it Af it W 12 (}d ® a)(A)Af (id <8> a"a)(D s )A\ s 
<8) p^)(D°_ s )W 12 (id ® a)(A(r t ® <)(^))Af +t) 
Ap^r^t ® /^X^-J^d ® a)(D s+ t)Af +t) . 


Consequently, (id <8> o-( y r s )(H / 12 ) = (id <8> T s of)(IUi 2 ) if and only if ($ t (8) 7*) (As) = D s , 
which gives the equivalence of (i) and (ii). 

Let us suppose (ii). Using 15771 we get 


r K< oK ) = (T t a 


VO R 


C+T_ 


,) o r and r(«rf K <) = ( 


, ^.voRta , 
1^. R/3*a 

N 


T-.M, 


r, 


and by the commutation of r with eU and with o - " 0 ^, we get (iii). 

By definition of a measured quantum groupoid, we have the equivalence of (iii) and 
(iv). The fact that (iv) implies (ii) is given bv I5.3f vih □ 


5.10. Corollary. Let G be a locally compact quantum group and (IV, o, a) a braided- 
commutative G-Yetter-Drinfel’d algebra such that one of the following conditions holds: 

(i) N is properly infinite, or 

(ii) a is integrable, or 

(iii) G is (the von Neumann version of) a compact quantum group. 

Then there exists a normal semi-finite faithful weight v on N such that (55 (iV, a, a, u) is a 
measured quantum groupoid. 


Proof. We consider the individual cases: 

(i) By 13.101 there exists a normal semi-finite faithful weight v on N, invariant under 
a; therefore its Radon-Nikodym derivative D t = 1, and we get the result bv 15.91 

(ii) In that case, there exists a weight v on N which is 5 -1 -invariant with respect to a; 
so we can apply again rTTTTI to get the result. 

(iii) We are here in a particular case of (ii), but with 5 = 1. □ 

5.11. Proposition. Let G be a locally compact quantum group, ( N , a, a) a braided-commu¬ 
tative G-Yetter-Drinfel’d algebra, v a normal faithful semi-finite weight on N, k-invariant 
with respect to a (with k affiliated to Z(M)). Then: 

(i) the scaling group f t of(5(N, a, a, v) is given by r f ( X) = (P zt ®A z f)X(P~ zt <g>A~ zt ) 
for all X e G x a N;~ 

(ii) the scaling operator X is equal to A -1 , where X is the scaling constant of G, and 
the managing operator P is equal to P <8> A v . 

Proof, (i) The scaling group r t satisfies T t (a(x )) = a (erf (x)) for all x G N fl5.5l ii)). Using 
now 1331 (i), we get that r t (a(x)) = (r t (8) af)(a(x )). 

On the other hand, using 1^31 iii) and 13.11 we get that 

(id (8) r t )(W 12 ) = A-^AT^iW^Af = (r_ t <8> id)(W) <8> 1 = (id <8> ? t ){W) <8> 1. 

So, for all y 6 M, we have f t (y <8> 1) = %(y) <8> 1, from which we get (i). 
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(ii) The scaling operator is equal to A 1 because 

v(T t (a(x*)(y*y ® l H „)a(x))) = v[a(a"(x*))(? t (y*y) <85 1 Hv )a{a^{x))\ 

= v(a v t (x*x))$(T t (y*y)) 

= A ~ t iy(x*x)(p(y*y) 

= \- t v(a(x*)(y*y®l H „)a(x)), 

and P is equal to P < 8 > A„ because 

Ap(f t ((j/® l^Ju(x))) = As[(? t (y) <8> 1 /fja«(x))] 

= A^(n( 2 /)) < 8 ) A„«(x)) 

= A f / 2 (P lt (g) A^A^y) ® A,(x)). □ 

6. Duality 

In this chapter, we prove (16.51) that, if 0(IV, a, a, v) is a measured quantum groupoid, its 
dual is isomorphic to &(N, a, a, z/), which is therefore also a measured quantum groupoid. 

6.1. Lemma. Let G be a locally compact quantum group, ( N , a, a) a braided-commutative 
G-Yetter-Drinfel’d algebra and v a normal faithful semi-finite weight on N, and let 
®(IV, a, a, u) be the associated Hopf-bimodule, equipped with a co-inverse, a left-invariant 
operator-valued weight and a right-invariant valued weight by \f.J\ (ii), \f.d\ and \5.4\ Then: 

(i) The anti-representation 7 of N is given by 7 (x*) = 1# < 8 > J u xJ u for all x E N, . 

(ii) For any f E H, p E 9V, the vector £ ( 8 ) A v {jp) belongs to D((H ® H u ) 7 , u°), and 
W'T'{( <g) A u (p)) = lgP, where 1% is the linear application from. H v to IT < 8 > dd v 
given by l^( = £ ® ( for all ( E H u . 

(Hi) There exists a unitary U 3 from (IT < 8 > dd u ) a ® 7 (H < 8 > dd u ) onto H < 8 > H < 8 > H v such 

v° 

that 

U 3 [H 0 ( 8) 7 (£ ( 8 ) A v (p))] = £ < 8 ) a(p)S for all S E H ® H u . 

v° 

Moreover, (1 < 8 > X)V 3 = V 3 (X a < 8> 7 1) for all X E a(IV)'. 

N° 

(iv) V 3 (I J 0 ) = ( J® I)V 1 . 

N 

Proof, (i) By definition (15.21) . the left-invariant weight of &(N, a, a, v) is the dual weight 
z>. Therefore, by definition (|5 .2f) . and using [2721 

j(x*) = J D a{x)Jo = (J® J u )(Uf)*a(x)Uf(J ® J u ) = 1 H ® J v xJ v . 

(ii) This follows from the relation l^pJ u A v (x) = £ < 8 > J u xJ u A u (p) = 7 (#*)(£ ® A^(p)). 

(iii) For any E H,E' E H <8> H v , p’ E DT^, 

(5 a ® 7 (f ® A„(p))|S' a ® 7 (£' ® A„(p')) = (a«f ® A„(p), £' <8 A„(p)> 7 i ^)S| S') 

i/° 

= (a(p , *I|,^p)5|5 / ) 

= (f ® a(p)S|f'® a(p')“), 

from which we get the existence of U 3 as an isometry. As it is trivially surjective, we get 
it is a unitary. The last formula of (iii) is trivial. 

(iv) Using FOU i) and 16. 1 If if. we get the existence of an anti-linear bijective isometry 
I Jv from (H ® H v ) g® a (H < 8 > dd v ) onto (H < 8 > H v ) a ® 7 (H < 8 > H v ) with trivial values on 

N v v° 
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elementary tensors. Moreover, for any E G H f G H, p G Al u , analytic with respect 
to u, we have, using successively 12.21 (iii), and I4.3f i). 

V'Ai p® a j*)(e p® a u a M ® a^(p))) = v 3 [ie a 0 7 (J<e 0 JuKip))] 


N 


= J£®a(a u _ i/2 {p*)))IE 
= J«e 0 I/3(af /2 (p))E 

= (J 0 /)K[“ ^0 a tf“(f 0 A,(p))]. □ 

V 

6.2. Theorem ( |Ti2j ). Let G be a locally compact quantum group, (N, a, a) a braided- 
commutative G-Yetter-Drinfel’d algebra, v a normal faithful semi-finite weight on N, 
and let <8(N,a,a,v) be the associated Hopf-bimodule, equipped with a co-inverse, a left- 
invariant operator-valued weight and a right-invariant valued weight by \4.4^ ii), \f.6\ and 
5.f\ Let W be the pseudo-mutiplicative unitary associated bv \5 ,2L Then 


w = V*(W* 0 l Hv )V u 

where V\ had been defined in \f.3\ and V 3 m \6.1[ Moreover, for any £, rj in H, p, q in f Xt u , 
(id * wus{T&j v A„(p)),t®A v (q))(W) = a(g*)[(w^ 0 id)(lT*) 0 1 hMp*)- 

Proof. Let x, aq, x 2 in and y, y u y 2 in Then (y 0 l)a(a:), (y x 0 l Hl f)a(x x ), 

( 1 / 201 ^) 0 ( 3 : 2 ) belong to 9Un 9I Ta , and by (E2D, Ap[(?/0l Hv )a(xj] = Ap(y) 0 A v {x) and 

Jo^o[{y 0 1# Ja(x)] = Ul{Jhqs{y) 0 J v A u (x)) 

JoA 0 [a{x\){y\y 2 0 l H „)a{x 2 )\ = {l H 0 J v x\ J v )Uf,[JA${y\y 2 ) 0 J v A v {x 2 )\. 

By definition of W (15.21) . we find that for any S 1; E 2 in H 0 H u , the scalar product 
(W[Z 2 ^0 O Jj>Ao(a(xl)(yly 2 0 lffJa(x 2 ))]|Si n 0 7 (A $(y) 0 A u (x))) 

V v° 

is equal to 

(f [(y 0 l)a(x)]*(S 2 £0o Uf(JAp(y 2 ) 0 J v A v {x 2 ))\^i / 30 o f/“(JA^(|/i) 0 J v A v (x 1 )))). 

V V 

Using 14.41 we get that this is equal to 

((f o (^)0l^)U 1 [S 2 00 n f/“(JA ? (2/ 2 )0j ; ,A I/ (a; 2 ))]|U 1 [a(x)S 1/3 0 o (U“(JA ? (|/ 1 )0j l/ A I/ (a; 1 ))), 

V V 

which, thanks to 14.314 ) . is equal to 

((? °(y*) 0 l Hv )(JA$(y 2 ) 0 P(x* 2 )E 2 )\JA^{y 1 ) 0 ^(xt)o(x)Hi) 

and to 

(/3(xi)((o;j- Mot ) ) j- a? ( vi ) 0id)(f°(j/*)) 0 l^P^E^x^) = 

= (/3(^i)((id 0 UJ jA~(y 2 ),j\ i? (y 1 ))(^(y*)) ® ^-H,)/d{x* 2 )E 2 \a(x)E 1 ), 

which, by 12.11 is equal to 


^1 = 


(/3(xi)((id0o;y W2/2))A ^ ) )(VU) 0 l Hv )P(x*)E 2 \a(x) 

= (^(®i)((wjx ?(yIw ) ) A^( v) ® id)(fU*) 0 l H „)P(x* 2 )E 2 \a(x) 
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which is, using I4.3f i) and 16.11 equal to 


{{lH®^{xi)){W*®l H f)V l (E 2 p® a Uf,(JA ;? {y* 1 y 2 )mJ v A v (x 2 )))\V z (E la ® 1 (A ;? {y)®A v (x)))), 

V v° 

which, using ETST iv). is the scalar product of the vector 

W^id (8) /3t)(a°(^))y 1 (S 2 U^JA^y* iy2 ) <g> J v A„{x 2 ))) 

V 

with V^Ed Q ® 7 (A $(y) ® A„(;c))). But, using fOl il . this vector is equal to 

v° 

(W* <g> Ih^V^Ih ® l Hv ) p ® a ( 1 H <g> J„x\J v )]{ S 2 ^® a Ut{JAMV 2 ) ® JvK(x 2 ))). 

N v 

Finally, we get that the initial scalar product 

(W[ S 2 Ji>Ai;(a(xt )(?/*?/ 2 ® 1 ) a(x 2 ))] | Si n ® 7 (A $(y) ® A u (x))) 

V v° 

is equal to 

((IF* ® l^JFi[5 2 ^ J i/ A 0 (a(x* 1 )(y* 1 y 2 ® l)a(x 2 ))]|F 3 (Si 0 ® 7 (A^(t/) ® A v (x)))). 

V v° 

By density of linear combinations of elements of the form A$(y) ® A u (x) in D((H ® 
H u ) 1 , u°), and then of linear combinations of elements of the form Ex a ® 7 (A $(y) ® A„(x)) 

V° 

in (H ® Hjy) a ® 7 ( H ® H u ), we get that 

v° 

W\E 2 g®J 0 A 0 {<x(x\)(yly 2 ®l)a(x 2 ))] = Vy(W*®l Hi/ )V 1 [Z 2l3 ® a J 0 A i >(a(x* 1 )(yly 2 ®l)a(x 2 ))\, 

V V 

and, with the same density arguments, we get that W = V£(W* ® 1 h u )V\. Therefore, 
using again IF3f i) and 16.11 we get that 

(W[Z 2 0 ® a U*(r) <g> J v A v (p))]\Ei a ® 7 (f <g> A.„(?))) = 

V v° 

= ((IF* ® 1^)Fi[S 2 ^ [/“(77 ® J,A,(p))]|F 3 [Si „® 7 ® A„(g))]) 

^ j/° 

is equal to 

((IF* <g> lnj (?7 ® /3(p*)E 2 )|^ <g> a(p)Si) = (((w^ <g> id)(lF*) <g> lirJ/3(p*)S 2 |a(p)Si), 

which finishes the proof. □ 

6.3. Theorem. Let G be a locally compact quantum group, (IV, a, a) a braided-commu¬ 
tative G-Yetter-Drinfel’d algebra, and v a normal faithful semi-finite weight on N such 
that &(N,a,a,u) is a measured quantum groupoid in the sense of l5.il Let <&(N,a,a,v) 
be its dual measured quantum groupoid in the sense of 1 5. 51 and for all I 6 G x$ N, let 

j(x) = u a Myxul(uty. 

Then 3 is an isomorphism of Hopf bimodule structures from 0(1V, a, a, v) onto (55 (IV, a, a, u). 

Proof. To prove this result, we calculate the pseudo-multplicative IF of &(N,a,a,u), 
using [6721 applied to (N,a,a,v). We first define, as in I4.3f i) and 16.11 a unitary V\ from 
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(H 0 H v ) ^ 0 ^ (H 0 H u ) onto H ® H ® H u , and a unitary V 3 from ( H 0 H u ) £ 0 ^ (H 0 H v ) 

V v ° 

onto H 0 H 0 H u , where, for all x £ N, 

m = uim*{ i H <9 j„ x * j„)u a M)\ 

l{x) = Jpx(x*)J-~ = l H 0 J„X*J U = 7 (x), 

z> denoting the dual weight on G ixj iV as before. More precisely, applying 14.30 1 to 
(A, a, a, is), we get that for any £, rj in H and p, q in yi u , 

Vi mu*y 3®s ul{uiY)<rAuttn « ■JAM) a<s> 7 (£« a„(p))] 

AT 

is equal to 

« a„(p)) t/Jfa 8) JA(?))] = V ® h?)ul(y a u y^ 0 Kip)) 

V 

= i)®Ul{Ul)'{t®J v qJ v A„(p)) 

= (l H 0 Ut(Uy)*)(j] 0 t®pJ u K(q)) 

On the other hand, using 16.11 we get that 

V 3 KC /7 ® JvK{q)) a®7 (f 8> A„(p))] = f ® a(p)K(ri 0 J„K(q)) 

v° 

= Z®U*{;iq®pJ u k u (q)) 

= {1h 0 f7“)(£ 0 ?7 0 pJ v K u (q)), 


from which we get that 

Vi{ul{u a u y ^ a ul{u a u )*)a v0 = {i H ®ul{u:y){a®i Hv )(i H ®(uiy)v,. 


N 


Applying this result to (A, a, a, 1 /) and taking the adjoints, we hnd that 

vyul(u a u y o0/9 ££(*/“)>„ = (1^ ® O* ® ® 

N° 


Applying 16.21 to (A - , a, a, z/), we get that bF = V 3 (cr 0 1 Hv ){W 0 ljyj(cr 0 1 //„) lb and, 
therefore, that o> [[/“([/“)* o 0 7 7 8 >a t/“([/“)*]cr ;y o is equal to: 


N° 


N 


^(^)23(^)23(^)t3W / 12(^)l3(t/“)t 3 (^)23^3 

But, as (f 0id)(77“) = ( Uy ) 23 ( Uy ) 13 j we get that (U*)* 3 (U*)* 13 = W 12 (U^)* 13 W* 2 , and 
therefore that (hb^ 2 3 (^)i 3 ^i 2 (^“)i 3 = W 12 . On the other hand, by the same argument, 
(TO3TO23 = wy(uyy 2 yv l2 . Finally, we get that 

°Au‘Mr s ® 7 uz(u~zr]w{u°(u;y 7 ®„ u;(u;y}^ = v-w u v 3 = w *, 

N° N 


and therefore 


KK)’ s ® 7 uz(uz)']w{u;(u;y 7 ®„ = a„w'a„. 

N° N 


So, up to the isomorphism, the pseudo-multiplicative unitary W of 0(A, a, a, is) is equal 

to the dual pseudo-muliplicative untary W, which finishes the proof. □ 
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6.4. Proposition. Let G be a locally compact quantum group, (TV, a, a) a braided-commu¬ 
tative G-Yetter-Drinfel’d algebra, and v a normal faithful semi-finite weight on N. Sup¬ 
pose that ®(iV, a, a, u) is a measured quantum groupoid in the sense of 15.1L and let 
0(iV, a, a, u) be its dual measured quantum groupoid in the sense of 1 5 . 31 


(%) The co-inverse R constructed in \ f.&j ii) is the canonical co-inverse of the mea¬ 
sured quantum groupoid ©(TV, a, a, v). 

(ii) The isomorphim of Hopf bimodules from <5(N,a, a,v) onto <S(N,a,a,u) con¬ 
structed in 1 6. d\ exchanges the canonical co-inverses of these Hopf-bimodules. 


Proof, (i) By 16 .lf iy). V 3 (Ip® a Jo) = (</0/)Vi- Taking adjoints, we also get V\(I a 0 7 J/>) = 

N N° 

(J (8) I)V 3. Therefore, we get, using 16721 and I4.5f iii). 

(/ n 0 7 J 0 )W{1 o 0 7 J,) = (/ Q 0 7 Jo)V 3 *{W* 0 1 H M(I „<g ) 7 J 0 ) 

N° N° N° N° 

= VT(J<g> I)(W* ( 8 ) l Hv )(J < 8 ) I)V 3 
= V?(W®l Hv )V 3 

= w*. 


For all S G D( a (H 8) H u ), u) and S' G D((H 0 u°), we therefore have 

/(id * Ue, 3 ')(W)*I = (id * Wj 0 v,j b x)(W), 

which proves that the canonical co-inverse is given by R(X) = IX*I for all X G G ix 0 N. 

(ii) Bv 15.31 the canonical co-inverse of <3(N, a, a, u) is implemented by J„. Using (ii) 
applied to <3(N, a, a, u), we therefore get that the canonical co-inverse of 0(iV, a, a, u) is 
implemented by I = Uf(Uf)*J„Uf(U a )*. □ 

6.5. Theorem. Let G be a locally compact quantum group, (TV, a, a) a braided-commu¬ 
tative G-Yetter-Drinfel’d algebra, and v a normal faithful semi-finite weight on N. Sup¬ 
pose that ©(TV, a, a, u) is a measured quantum groupoid in the sense o f\5.1\ let ©(TV, a, a, u) 
be its dual measured quantum groupoid in the sense of \5.S[ and let J be the isomorphism 
of Hopf bimodue structures constructed in \6.fA Then 3 exchanges the left-invariant and 
the right-invariant operator-valued weights on &(N,a,a,u ) and ©(TV, a, a, ^). Therefore, 
©(TV, a, a, u) is also a measured quantum groupoid. 

Proof. Using [fUjd iii. it suffices to verify that 3 exchanges the left-invariant operator valued 
weights, of ©(TV, a, a, v) and ©(TV, a, a, v). The left-invariant weight of <3 (TV, a, a, v) is the 
dual weight h on the crossed product G ix^ N. Let us denote by <f> the left-invariant 
weight of ©(TV, a, a, v). 

We apply f672l to ©(TV, a, a, v) and get that, for any f in H, z G 91^, p, q in TU, 

(id* 

kQ(z)®J v kv{p)),£,®K v (q) )(VF)(id * )W 

is equal to 

a(g*)[(id 0 o;y A ^)(W) 0 l]?(pp*)[(id 0 ^j A ^ zU )(W)* 0 l]a(g), 

where, as in 16.31 W denotes the pseudo-multiplicative unitary associated to ©(TV, a, a, v), 

and /3 is defined, for x G N, by /3(x) = U*(U*)*(Ih 0 JuX* J u )Uf(Uf)*. Let us take now 
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a family (pj) ie / in 9JT+, increasing to 1. Then, we get that 

*(?*)[(■id ® wy A _ w ? )(IT)(id <8> wj A?Wie )(W)* <8) l]a(g) 
is the increasing limit of 

(id * i 1/2 ) ) ,5® A „(g))( W )( ld * ^Ul{JK^{z)®J v KAp\ /2 ))^®K{q)^ W ^ 

But, using ESI we get that (id * ,e®A„fe)^ is equal to 


J [(id * ^ U a(j A ~( z ) 9 j u A v ( P y a )),us(uS)*((iaMg))^ a ^ W av °^ 

= 3~ 1 [(» 


i/2,, * id) (!¥)*]• 


US(Usr^<S>A.(q)),US(JA 0 (z)^J v A^^)) 

Therefore, we get that <f> o J[a(g*)[(id ® ^ja~( 2 ) t)(fU)(id ® $)(W)* ® l]a(g)] is the 

increasing limit of 

^[(^“(aS)*(e®A,( g )),C/“(JA^( 2 )®J„A i/ (p j 1/2 ))* ld )( M/ ) ( W ^y^)*(€®A,( g )),C/a(JA^( 2 )®J,A l ,(p l 1/2 ))* ld )( W/ )]’ 

which, using [5751 is equal, by definition, to the increasing limit of 

II II 2 

H U; C/“(t/“)*(^®A !/ (q)) ) C7“(JA^( 2 )®J„A„(p l 1/2 ))ll^- 

For X € the scalar is equal to 

(X'U‘MT(i ® K(q))\U:(JX f (z) ® JAAp!' 2 ))) = 

= M(tm/® A,(g))|Jf*A,[(a® l)a(p, I/2 )]) = 

= (£C(£C)*K® l)n( R 1/2 )J 5 A c (X)) 

and, therefore, 


ku. 


./»JII = IOta(p, 1/2 )(a- ® 1) « A„(«))|| 2 . 


^ a (C/5)*(e®A49))T5UA^( 2 )®J 1 / A 1 / (pV")) 

The limit when p* goes to 1 is equal to 

||(J>J<8) 1)(£/£)*(£ <8) A I/ (g))|| 2 = ||(Jz*J(8) 1)(£ <8> A I/ (g))|| 2 

|J^Je|| 2 ||A,(g )|| 2 


cu, 


£,JA^( 2 ) W$ 


l|A,(g)|| : 


= ||A ¥ ,[(id®o;^ (2)) (fT*)]®A,(g)|| 2 
= ||A 5 [((id®o; €) j A ^))(W'*) < 8 > ltfja(g)]|| 2 , 

from which we get that 

ll A $oj([(( id ®^,jA^ 2 ))( W *) ® 1 ^)%)]l| 2 = ll A p[(( id ®^,jA^( 2 ))(^) ® 1 ^)%)]l| 2 , 

which proves that the left-invariant weight $ o J + t> is semi-finite. Using now (035.2.2), 
we get that there exists an invertible p e N + , p < 1, such that 


( j Dz>; j D($oJ +/>)), = ,%)* 
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for all t G R. So, /3(p) is invariant under the modular group a v (i.e. p is invariant under 
7 ) and we get that 

2 ||Ae[((id® ® luja(g )]|| 2 = 

= ll A $oj+?[(( id ®^ w )(r) ® 1 Hja(g)]|| 2 = 

= ll^(p _ 1 )^A 5 [((id®a;^ w )(W'*) ® l H Ja(g)]|| 2 , 
from which we get that p — 1/2, and h = l/2($o2 + z>). Thus, i> = < 3 > o J. □ 

6 .6. Theorem. Let G be a locally compact quantum group, (N, a, a) a braided-commu¬ 
tative G-Yetter-Drinfel’d algebra, v a normal faithful semi-finite weight on N. Let D t be 
the Radon-Nikodym derivative of the weight v with respect to the action a and D t be the 
Radon-Nikodym derivative of the weight v with respect to the action a. Then the following 
conditions are equivalent : 

(i) &(N,a, a,u) is a measured quantum groupoid; 

(ii) <3(N,a,a,u) is a measured quantum groupoid; 

(in) ( T t Ad(8~ lt ) ® 7 t){D s ) = D s for all s,t G R; 

(iv) ( r t Ad(5 ~ lt ) <g) 7 _ f )(Z? s ) = D s for all s,t E R. 

Proof. By 16.51 we know that (i) implies (ii), and is therefore equivalent to (ii). Moreover, 
bv 15.91 we know that (i) is equivalent to (iii). Applying 15.91 to <&(N,a,a,v), we obtain 
(iv), because the one-parameter group % is equal to 7 _ t . The proof that (iv) implies (ii) is 
the same as in 15.91 where we use again that the one-parameter group q/ of N constructed 
from the dual measured quantum groupoid is equal to 7 _ t (15.3(1 . □ 

6.7. Corollary. Let G be a locally compact quantum group, (N, a, a) a braided-commu¬ 
tative G-Yetter-Drinfel’d algebra, and v a normal faithful semi-finite weight on N. If 
the weight v is k-invariant with respect to a, for k affiliated to the center Z(M ) or 
k = <5 _1 , then &(N, a, a, v) is a measured quantum groupoid and its dual is isomorphic to 
<5 (IV, a, a, u). 

Proof. We verify easily property (iv) of 16.61 and then obtain the result bv 16.61 and 16.51 □ 

7. Examples 

In this chapter, we give several examples of measured quantum groupoids constructed 
from a braided-commutative Yetter-Drinfcl’d algebra. First, in 17.11 we show that usual 
transformation groupoids are indeed a particular case of this construction, which justifies 
the terminology. Other examples are constructed from quotient type co-ideals of compact 
quantum groups, in particular one is constructed from the Podles sphere S 2 (17.4.51) . 
Another example (17.5.1|) is constructed from a normal closed subgroup H of a locally 
compact group G. 

7.1. Transformation Groupoid. Let us consider a locally compact group G right act¬ 
ing on a locally compact space X ; let us denote a this action. It is well known that this 
leads to a locally compact groupoid X ~r\ G, usually called a transformation groupoid. 

a 

This groupoid is the set IxG, with X as set of units, and range and source applications 
given by r(x,g ) = x and s(x,g ) = a g (x), the product being (x, g)(a g (x), h) = ( x,gh ), 
and the inverse (x, g)^ 1 = (a ff (x), g 1 ) ([Rj 1.2.a). This locally compact groupoid has a 
left Haar system ( [R] 2.5a), and for any measure v on X , the lifted measure on X x G is 
v <E> A, where A is the left Haar measure on G. 
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The measure v is then quasi-invariant in the sense of Hi and 14.21 if and only if v 0 A 
is equivalent to its image under the inversion (x,g) —> (x, g)~ l - This is equivalent (jRj. 
3.21) to asking that, for all g E G, the measure v o a g is equivalent to u, which leads to 

a Radon-Nikodym A (x,g) = Then, the Radon-Nikodym derivative between 

v < 8 > A and its image under the inversion (x,g) —$■ (x, g)~ l is A(x, g)A G (g), where A G is 
the modulus of G. 

Let us consider the trivial action of the dual locally compact quantum group G, defined 
by t(f) = 1 <8) / for all / E L°°(X). It is straightforward to verify that (L°°(X), a, t) is a 
G-Yetter-Drinfel’d algebra which is braided-commutative. The measure u, regarded as a 
normal semi-finite faithful weight on L°°(X), is evidently invariant under i. So, bv 16.71 
we obtain measured quantum groupoid structures on the crossed products G K a L°°(X ) 
and G L°°(X). 

The von Neumann algebra G K t L°°(X) is L°°(G) ( 8 ) L°°(X), or L°°(X ^ G), and 

a 

the structure of measured quantum groupoid is nothing but the structure given by the 
groupoid structure of X ^ G. 

a 

The dual measured quantum groupoid X rv G is the von Neumann algebra generated 

a 

by the left regular representation of X G, which is the crossed product GtK a L°°(X). Let 

a 

us note that this measured quantum grouped is co-commutative, in particular, (3 = a and 
7 1 = <7t = id l°°(x,v) f° r all t E R. As r f = Ad(A^) = icRoo( G ), we see that D t = A (x,g) lt 
satisfies the condition of 16.61 Moreover, D t — 1 for all t E R. 

Therefore, we get that any transformation groupoid gives a very particular case of our 
“measured quantum transformation groupoids”, which explains the terminology. 

7.2. Basic example. Let G = (M, T, ip, (p o R) be a locally compact quantum group, 
-D(G) its quantum double, and let us use the notation introduced in 12.4.51 There exists 
an action od of -D(G) on M such that 

a D (x) < 8 > 1 = T D (x ® 1 ). 

The Yetter-Drinfcl’d algebra associated to this action is given by the restrictions of the 
applications b and b to M, which are, respectively, the coproduct T (when considered as 
a left action of G on M), and the adjoint action ad of G on M given by 

(4) ad(x) = aW(x®l)W*o = W*(l®x)W ) 

and we get this way the Yetter-Drinfel’d algebra (M,T, ad), which is the basic example 
given in |NV| . Moreover, as 

(5) <T» = ((R® R) oT o R)(x) = l®x)(J®J)W(J®J), 

we get that that 

?a °(a; 0 ) = (JJ®l)W*{l®JxJ)W(JJ®l) = (J® J)W{1® JJxJJ)W*(J® J) 

(where we prefer to note a the left action T to avoid confusion between a° defined in 
12.5.II and the coproduct T° of the locally compact quantum group G°). But 

?ad°(x°) = (J <8> J)W(x ® l)W*(J ® J) 

from which we get that this Yetter-Drinfel’d algebra is braided-commutative. 

As <p is invariant under T, using [777171 we can equip the crossed products G tx r M and 

G K a d M with structures of measured quantum groupoids. 
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Let us describe G x a d iff in more detail. We claim that the map $ := Ad(( J J 0 1 )W) 
identihes G x a( j iff with iff' <g) iff. Indeed, the first algebra is generated by elements of 
the form (z 0 1 ) ad(x) and iff, and 

Ad(W)[(z (g) 1 ) ad(x)] = T°(z)(l < 8 > x) = Ad(a)(r(^)(a; < 8 > !))• 


But elements of the form T(z)(x <8> 1) generate iff <8> iff, and as Ad (JJ)(M) = iff', the 
assertion follows. We just saw that $(ad(x)) = l< 8 >a;, and we claim that $(/3(x)) = ru°< 8 > 1 - 
Using (@J and the fact that W* is a cocycle for the trivial action of G on iff, we get (|V] 
4.2) 


Uf = W*(J <8> J)W(J (8) J) 


and therefore, using the relations ( J <8> J)W*(J <8> J) —W and T o R = (R 0 R) o r° (12. 1|) . 

H/3(x)) = Ad((JJ® l)WUf(J® J))[T(x)] 

= Ad((JJ ® 1 )(J ® J)W(J ® J)(J®/))[r(i)] 

= Ad((J<8> J)W(JJ <8) JJ))[r(x)] 

= M((JJ ® JJ)W*)[T°(R(x))} 

— Ad((JJ ( 8 ) JJ))[R(x) 0 1] 

= x° <8) 1. 


Therefore, <3> defines an isomorphism between 0 (iff, ad, T, 0) and the pair quantum 
groupoid iff' (8) iff of Lesieur (E 15), and induces an isomorphism between the respec¬ 
tive duals, which are (isomorphic to) <3(M, T, ad, 0) and the dual pair quantum groupoid 
B(H) constructed in ([L] 15.3.7), respectively. 


7.3. Quantum Measured groupoid associated to an action. Let us apply 17.21 to 
G°. We obtain that (iff, r°, ad) is a G°-Yetter-Drinferd algebra, where ad means here 
ad(x) = !U C *(1 ® x)W c . As noticed by ( [NV j, 3.1), we can extend this example to any 
crossed-product G ix a iV, where a is a left action of G on a von Neumann algebra N. Let 
us recall this construction. For any X gGk,N, the dual action a is given by 

a(X) = (W°* <g> 1)(1 <g> X)(W° ( 8 ) 1). 

Let us also write 

ad(X) = ( W c * 0 1)(10 X)(W C 0 1). 

We hrst show that this formula defines an action ad of G° on G ix a N. If X — y0l, with 
y e iff, we get that ad(l 0y) = ad (y) 0 1, which belongs to iff' <8> G x a N. If X = a(x), 
with x G N, we get that ad(o(a;)) = (W c * 0 1)(1 0 a(x))(W c 0 1), which belongs to 
iff' 0 G ix n N] moreover, the properties of IU C * give then that ad is an action. 

To prove that (Gx a iV, a, ad) is a G°-Yetter-Drinfel’d algebra, we have to check that, 
for any X G G°, 

Ad(ai 2 IU 1 ° 2 )(id 0 ad)a(X) = (id 0 a)ad(X). 

To check that, it suffices to prove that Wf 3 , which follows from 

W° = <jW c *ct and the pentagonal relation for W c . 
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7.3.1. Proposition. Let a an action of a locally compact quantum group G on a von 
Neumann algebra N and let B = G tx a N D a(N)'. Then the formulas 

b{X) = {W°* 0 1)(1 0 X)(W° 0 1), 
b(X) = (W c * 0 1)(1 0 X)(W C 0 1) 

define actions b and b of G° and G c ; respectively, on B and (B , b, b) is a braided- 
commutative Yetter-Drinfel’d algebra. 

Proof. As a(a(x)) = 1 0 a(x), for all x G N, we get that b is an action of G° on 
B = G^ a N D a(N)'. 

To prove a similar result for b, we need to make a detour via the inclusion a(N) C 
G ix „ N which is depth 2 ([V] 5.10). Let v be a normal faithful semi-finite weight on N, 
and v its dual weight on Gtx a AL Then, we have 

Jva(N)’J v = (J 0 J u )(Uf)* a(N)'U*(J 0 J v ) 

= (J0 Ju){B(H ) 0 N')(J® J v ) = B(H) 0 N 

and therefore B{H) 0 N D (Gx 0 JV)' = J„BJz>. 

Moreover (pZj, 2.6 (ii)), we have an isomorphism $ from B(H) ® N with G °^G K a iV 
which sends GiXnAt onto fl(Gx,JV). Via this isomorphism, the bidual action a of G oc on 
G°t<^Gt< a N gives an action 7 of G on B(H U ) ® N. As a is invariant on a(Gi x a N), 7 is 
invariant on G K a N, and its restriction to J„BJ„ dehnes an action of G on J„BJ„, and, 
thanks to this restriction, we can define an action of G c on B. Let’s have a closer look 
at this last action: 7 is given, for any X 6 B(H) <E> N, by (|Vj, 2.6 (iii)) 

7 (X) = Wf 2 (g <g) id) (id ® a) (X)Wff = Ad[fT 1 0 2 (V“) 1 3 ](X 23 ). 

So, the opposite action of its restriction to Jz>BJz> will be implemented by 

(j®Ju)w? 2 (uz) 13 (j®j v ) = (t/*) 23 (j® j® j v )w? 2 (uz) 13 {j® J 0 J,)(uf)* 23 

= J® J v )Wf 2 {J Ju)(uf)i 3 (uf)2 3 

= ( JJ’) 1 ( Uf ) 23 W\2 ( Uf ) ^ 3 ( Uf ) 23 
= (JJ)iW 12 

So, we get an action of G c on B given by z ^ Ad(( JJ)ikhi 2 )(l < 8 ) z) = W c *{ 1 ® z)W c , 
which is b. Thus, b is an action of G c on B, and, by restriction of (GK 0 iV, a, ad), we 
have obtained that ( B , b, b) is a G°-Yetter-Drinferd algebra. Let’s now prove that it 
is braided-commutative. Let us write $(x) = JJxJJ for any x G M'. We get that 
(8 ® id)b(B) is included in M ® B, and, therefore, commutes with 1 < 8 > a(N). On the 
other hand, we get that (8 < 8 > id)(b(B)) = (W < 2 > 1)(1 <S) B)(W* <g) 1) commutes with 
(W* ® 1 ){M < 8 ) 1 <g) 1 ){W <g) 1) = T°(M) ® 1. Therefore, we get that (8 0 id)(b(B)) 
commutes with 5(G« 11 iV), and, therefore, with b(B). This finishes the proof. □ 

Applying now 14.41 to this braided-commutative Yetter-Drinfel’d algebra, we recover the 
Hopf-bimodule introduced in ([E2]. 14.1) 
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7.3.2. Theorem. Let a an action of a locally compact quantum group G on a von Neu¬ 
mann algebra N, let B = Gix a iVn a{N)', let b (resp. b) be the action of G° (resp. 
G c ) on B introduced in | 7. 3. 1\ and suppose that there exists a normal semi-finite faithful 
weight x on B, invariant under the modular group a T °. Then, 0(5, b, b, x) is a measured 
quantum groupoid, which is equal to the measured quantum groupoid 0(a) introduced in 

m, u-2) 


Proof. With the hypotheses, the measured quantum groupoid 0(a) is constructed in ( |E2j . 
14.2); so, we get that the Hopf-bimodule constructed in 17.3.11 is a measured quantum 
groupoid. So, we may apply [5791 to get that 0(5, b, b,y) is measured quantum groupoid 
equal to 0(a). □ 


7.3.3. Theorem. Let (IV, a, a) be a G-Yetter-Drinfel’d algebra with a norm faithful semi- 
finite weight v on N satisfying the conditions of 15..91 which allow us to construct the 
measured quantum groupoid 0(1V, a, a, u). Suppose that ftN) = G K n N D a(lV)'. Then, 
the weight u° o ft 1 on ftN) allows us to define the measured quantum groupoid 0(a), 
which is canonically isomorphic to 0(1V°, a°, a°, v°). 

Proof. We have, for all x G N and t G R, cft~ a {ftx)) = /3 ft t(x)). As v o = v, we get 
that the weight v° o ft 1 on ftN) allows us to define the measured quantum groupoid 
0(a). Moreover, the dual action a of G° on G K a N satisfies, for all x G N, bv I4.4f iii). 

a(ftn)) = {id® /3 t )(a°(x°)), 

which gives that ft is an isomorphism between a^pv) = b and a°. So, the result follows. 

□ 


We are indebted to the referee who suggested us to look at the relation betwen the 
construction made in ( |E2] . 14.2) and the measured quantum transformation groupoids 
considered in this article. 


7.4. Quotient type co-ideals. 

7.4.1. Definitions. Let G = (M, T, <p, <poR) and Gi = (Mi, Id, <pi, (pioRi) be two locally 
compact quantum groups. Following [K] . a morphism from G on Gi is a non-degenerate 
strict ^-homomorphism $ from Cf (G) on the multipliers M{Cf{ Gi)) (which means that 
$ extends to a unital ^-homomorphism on M(Cg(G))) such that T lu o $ = (4> (g) < h)r t( , 
where T ljU denotes the coproduct of Cf (Gi). In ([K], 10.3 and 10.8), it was shown that a 
morphism is equivalently given by a right action T r of Gi on M satisfying, in addition to 
the action condition (id 0 r)T r = (r r 0 id)T r , also the relation (r 0 id)T r = (id 0 r r )T. 
The morphism 4> and the action T r are related by the formula 

r r (7T([j(a;)) = (ttg ® 7TG! o $)T u (x) for all x G Cf (G). 

We get as well a left action T; of Gi on M such that (id 0 = (r x 0 id)T^ and 

(id 0 T)G = {Ti 0 id )r. 

Following (jDKSSj, th. 3.6), we shall say that Gi is a closed quantum subgroup of G in 
the sense of Woronowicz, if, in the situation above, the *-homomorphism $ is surjective. 
In ( [DKSSj . 3.3), Gi is called a closed quantum subgroup of G in the sense of Vaes if there 
exists an injective *-momomorphisrri 7 from Mi into M such that To^ = ( 707 ) 0 ^. 
Moreover, any closed quantum subgroup of G in the sense of Vaes is a closed quantum 
subgroup in the sense of Woronowicz ([ DKSS j. 3.5), and if Gi is (the von Neumann 
version of) a compact quantum group, then the two notions are equivalent ((DKSSj, 6.1). 
It is also remarked that if G is (the von Neumann version of) a compact quantum group, 
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then any closed quantum subgroup of G is also (the von Neumann version of) a compact 
quantum group. 


7.4.2. Proposition. Let G = (M,T,ip,ipoR) and Gi = (Mi, Id, ip±, ipi 0 R 1 ) be two locally 
compact quantum groups and $ a surjective morphism from G to Gi in the sense of 7.4-1 
Let r r be the right action of Gi on M defined in 7.f.l and let N = M Vr = {x E M : 
r r (x) = x 0 1}. Then: 

(i) T|jv is a left action of G on N. 

(ii) ad| 7 v is a left action of G on N. 

(in) (N, r| jv, ad|jy) is a braided-commutative G-Yetter-Drinfel’d algebra. 

(iv) Let T i be the left action of Gi on M defined in \7.f.l\ Then its invariant algebra 
M r ‘ is equal to R(N), which is a right co-ideal of G. 

In the situation above, we call N a quotient type left co-ideal of G. 


Proof, (i) Since (id 0 T r )r = (T 0 id)T r by construction, we get that for every x in 
N = M Vr , the coproduct T(x) belongs to M 0 N. 

(ii) By ( [K] 6.6), there exists a unique unitary U E M(Cg(G) 0 Cq(G)) such that 
(T u 0 id)(£/) = P 13 P 23 and (7 t g 0 id )(U) = W, where T u denotes the comultiplication 
on Cft(G). Let U = g(U*) E M(C T 0 ( G) ® G 0 U (G)) and x E G 0 U (G). Then ad(vr G (a:)) = 
(id ® 7r G )(f/*(l ® x)U), and using the relation (id Cg T U )(I7*) = U( 2 U ( 3 , we find 

(id < 8 ) r. r )(ad( 7 r G (a;))) = (id < 8 ) 7 r G < 8 > 7 r Gl $)((id ® T u )(U*(l 0 x)U)) 

= (id 0 7r G 0 tt Gi $)(U( 2 U( 3 {1 0 T u (x))U 13 U 12 ) 

= W* 2 U* 3 (1 0 r r (n G (x)))U 13 W 12 , 

where U — (id 0 7r Gl $)(P). By continuity, we get that for any y E N, 

(id 0 T r )(ad(?/)) = Wf 2 Uf 3 ( 1 0 y 0 T)Ui^Wi 2 = ad (y) 0 1, 

showing that ad (y) E M 0 TV. 

(iii) This follows immediately from 12.41 

(iv) This follows easily from the fact that the unitary antipode reverses the comultipli¬ 
cation. □ 


7.4.3. Theorem. Let G = (M, T, 99 , ipoR) be a locally compact quantum group and {A\, Ti) 
a compact quantum group which is a closed quantum subgroup in the sense o/ |7.4 and 
denote by N the quotient type co-ideal defined by this closed subgroup, as defined in \7.f.S\ 
Then, the restriction of the weight ipoR to N is semi-finite and -invariant with respect 
to the actionT\ N . Therefore, 0 (iV, T|jv, ad|jy, ° R\n) an d Q5(N, ad|jv, T|jv, ° R\ N ) are 
measured quantum groupoids, dual to each other. 


Proof. The formula E = (id 0 uj-f) o T r , where uj\ is the Haar state of (Ai,Ti), and T r 
is the right action of (A^Ti) on M defined in 17.41 defines a normal faithful conditional 
expectation from M onto N = M Fr . 

By definition of T r (17.4.11) . and using the right-invariance of p o R o 7 t g with respect to 
the coproduct T u of Cg (G), we get that for any y E Cq (G), with the notations of 17.4.11 

ipo Ro E(7r G (y)) = {(po i? 0 cui)r r (7r(2/)) 

= (cp o R o vr G 0 wi o tt Gi o $)T u (y) 

= o R O 7T G )(7/)(o; 1 O 7T G o $)(1) 

= (cpo Ro7T G )(y). 
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Therefore, p o Ro E(x) = p o R(x) for all x G Cq(G), and, by continuity, for all x G M, 
which gives that this conditional expectation E is invariant under p o R. Moreover, we 
get that p o R\ n is semi-finite and (jf° R o E = E o af oR . 

This weight po Ri n is clearly <5 _1 -invariant with respect to T|jv- The result comes then 
from 15.91 and 16.51 □ 

7.4.4. Corollary. Let (A, T) be a compact quantum group, u its Haar state (which we 
can suppose to be faithful) and let G = {ir w (A)", T, co, u>) be the von Neumann version 
of (A, T) ( 1 2.1 )) . Let N be a sub-von Neumann algebra N of ir u (A)". Then the following 
conditions are equivalent: 

(i) T|jy is a left action of G on N and ad|jv is a left action of G on N. 

(ii) There exists a quantum compact subgroup of (A,T) such that N is the quotient 
type co-ideal of G constructed from this quantum compact subgroup. 

If (i) and (ii) hold, then the crossed products G tXp |Jv iV and G ix a d |JV N carry mutually dual 
structures of measured quantum groupoids (25 (IV, T^, ad|jv, cj|at) and (25 (IV, ad|jv, T\ n ,uj\n), 
respectively. 

Proof. The fact that (ii) implies (i) is given bv 17.41 Suppose (i). Then N is, bv 17.4.21 
a quotient type co-ideal of G, which is defined as the invariants by a right action F r of 
a closed quantum subgroup of G, which is (17.4. 1|) a compact quantum group (A^Ti). 
Denote its Haar state by uq. Then T r (A) C A <S> A 1; and the conditional expectation 
E = (id <8) uq)T r which sends Tr u (A) /f onto N, sends A onto A D N. From this it is easy 
to get that A fi N is weakly dense in N. But N D A is a sub- C*- algebra of A which is 
invariant under T and ad; therefore, using ([NY], Th. 3.1), we get (ii). If these conditions 
hold, we can apply 17.4.31 □ 

7.4.5. Example of a measured quantum groupoid constructed from a quotient 
type coideal of a compact quantum group. Let us take the compact quantum 
group SU g (2) (| W2j ). which is the C'*-algebra generated by elements a and 7 satisfying 
the relations 

aa + 77 = l, 00 + q 77 =1, 

77* = 7*7) Ti a = a 7) 57*0 = 07*. 

The circle group T appears as a closed quantum subgroup via the morphism $ from 
Co(SU q (2)) to Cq(T) = C 0 (T) given by <E>(o) = 0 and $(7) = id. Then we obtain 
the Podles sphere £7 as a quotient type coideal from this map ([P]), and mutually dual 
structures of measured quantum groupoids 05(Sg, T| S 2, ad^, uo\sA) on SU g (2) Xr |s2 Sq an d 

Q5(Sq-> ad|5|, T| S 2, (^152) on SU g (2) S 2 q , respectively. 

7.4.6. Further examples. Here we quickly give examples of situations in which the 
hypothesis of 17.4.31 are fulfilled. 

Let us consider the (non-compact) quantum group E q ( 2) constructed by Woronowicz 
in |W3j . In ([Jj, 2.8.36) is proved that the circle group T is a closed quantum subgroup 
of E q (2). 

hi [ VV2 j is constructed the cocycle bicrossed product of two locally compact quantum 
groups (Mi,Ti) and (M 2 , T 2 ), and it is proved f |VV2j . 3.5) that (Mj^i) is a closed 
subgroup (in the sense of Vaes) of (M,T). So, if (Mi,Ti) is a discrete quantum group, 
then (Mi, Ti) is the von Neumann version of a compact quantum group which is a closed 
quantum subgroup of (M, T). 
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7.5. Another example. 

7.5.1. Theorem. Let G be a locally compact group and H a closed normal subgroup of 
G. Then: 

(i) The von Neumann algebra £>(H), which can be considered as a sub-von Neumann 

algebra of L(G), is invariant under the coproduct T G of L(G), considered as a 
right action of the locally compact quantum group G on £(G), and under the 
adjoint action ad of G on £(G). Therefore, r G | £ (#), ad^#)) is a braided- 

commutative G-Yetter-Drinfel’d algebra, which is a subalgebra of the canonical 
example (£(G) ,r G , ad) described in S 

(ii) The Plancherel weight on L(H) satisfies the conditions of \5.9\. and the crossed 

product G Xr G | £(H) £>{H) (which is isomorphic to (£(H) U L°°(G))") carries a 
structure of measured quantum groupoid r G | £ (#), ad|£(#), g>n) over the 

basis £(H). 

Proof, (i) Let A G (resp. A h) be the left regular representation of G (resp. H). It is 
well known that the application which sends A#(s) to A G (s), where s G H, extends to 
an injection from £>(H) into £(G), which will send the coproduct T# of &(H) on the 
coproduct r G of L(G). Let us identify £>{H) with this sub-von Neumann algebra of £(G). 
Then for all x G &{H), 

r G (x) = T H (x) eL(H)® l(h) c l(G) <g> jc(h), 

so that the coproduct, considered as a right action of G on £(G), gives also a right action 
of G on 

Let Wc be the fundamental unitary of G, which belongs to L°°(G)®JC(G). The adjoint 
action of G on £(G) is given, for x G £(G) by ad(x) = Wq{ 1 <S> x)Wg 1 and is therefore 
the function on G given by s i —> A G (s)xA G (s)*. Hence, if t E H, we get that ad(A#(s)) 
is the function s t —y A G (sfs _1 ). As PI is normal, sfs -1 belongs to H, and this function 
takes its values in £j(H). By density, we get that for any x G £(H), ad(x) belongs to 
L°°(G) <g) £j{H), and, therefore, the restriction of the adjoint action of G to £(H) is an 
action of G on £*(H). 

(ii) The Haar weight is invariant under T G |£(^) because (id <g) <^h)(T g (x)) = (id® 
Th)(Ph{x)) = (p H {x)l for all x G £(H) + . We can therefore apply [5791 to that braided- 
commutative Yetter-Drinfel’d algebra, equipped with this relatively invariant weight, and 
get (ii). Let us remark that G Xp G|£(JJ) P(H) is equal to (T G (£(i/)) U L°°(G) ® 1l 2 ( G )) ,/ 
which we can write: 

((J ® J)W* G (J ® J)(£(H) ® 1 L 2 (g) )(J ® J)W G (J ® J) U L°°(G) ® 1 L 2 (g) )" 
which is clearly isomorphic to (, C(H) U L°°(G))". □ 

7.5.2. Remark. Let us take again the hypotheses of 17.5.11 in the particular case where 
G is abelian. Then G (resp. II) is a commutative locally compact group, and we have 
constructed a right action of G on the set H, which leads to a transformation groupoid 
H ~r\ G. Then, the measured quantum groupoid constructed in 17.5.lf ii) is just the dual 
of this transformation groupoid. 

8. Quotient type co-ideals and Morita equivalence 

In this chapter, we show that, in the case of a quotient type co-ideal A of a compact 
quantum group G, the measured quantum groupoid G ix a d|jv N is Morita equivalent to 
the quantum subgroup Gi (18.31) . 
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8.1. Definitions of actions of a measured quantum groupoid and Morita equiv¬ 
alence. 

8.1.1. Definition. ([E5] 2.4) Let © = (N, M,a, /3,T,T,T',v) be a measured quantum 
groupoid, and let A be a von Neumann algebra. 

A right action of © on A is a couple (b,a), where: 

(i) b is an injective anti-*-homomorphism from N into A; 

(ii) o is an injective ^-homomorphism from A into A b * a M; 

N 

(iii) b and a satisfy 

o (b(n)) = 1 b<g) Q /3(n) for all n G N, 

N 

which allow us to define a b * a id from A b * a M into A b * a M p* a M, and 

N N N n 

(a 6 * Q id)a = (id b * a T)a. 

N N 

If there is no ambiguity, we shall say that a is the right action. 

So, a measured quantum groupoid © can act only on a von Neumann algebra A which 
is a right module over the basis N. 

Moreover, if M is abelian, then a(b(n)) = l b ® a fd{n) commutes with o(x) for all n G N 

n _ 

and x G A, so that b(N) is in the center of A. As in that case (15.11) the measured quantum 
groupoid comes from a measured groupoid S, we have N = and A can be 

decomposed as A = f g(0) A x dv(x). 

The invariant subalgebra A £ is defined by 

A- = {x G A D b(N)' : a(x) = x b ® a 1}. 

N 

As A- C b(N) r , A (and L 2 (A)) is a A a -A°-birnodule. If A- = C, the action (b, a) (or, 
simply a) is called ergodic. 

Let us write, for any x G A + , T £ (x) = (id b * a $)a(x). This formula defines a normal 

V 

faithful operator-valued weight from A onto A-, and the action a will be called integrable 
if Ta is semi-finite ( [E4j . 6.11, 12, 13 and 14). 

The crossed product of A by © via the action a is the von Neumann algebra generated 
by a(A) and 1 b ® a M' ( [E2j . 9.1) and is denoted by A x £ ©. There exists ( [E2j . 9.3) an 

N 

integrable dual action (1 6 <g) a a, a) of (©) c on A x £ ©. 

N _ 

We have (A x £ ©) fi = a(A) ( |E2j 11.5), and, therefore, the normal faithful semi-finite 
operator-valued weight T £ sends A x n © onto u(A). Starting with a normal semi-finite 
weight i/j on A, we can thus construct a dual weight -0 on A x„ © by the formula 0 = 
0 o ay 1 o T b ([E4] 13.2). 

Moreover QE2| 13.3), the linear set generated by all the elements (1 b <S> a a)a(x), where 

N 

x G and a G nTl^ c , is a core for A^, and one can identify the GNS representation 
of A x £ © associated to the weight -0 with the natural representation on Hy, b ® a H by 

V 

writing 

Ar[(l b <g> Q a)a(x)] = A^(x) b ® a Aj c (a), 

N v 

which leads to the identification of H,~, with Hy, b <g) a H. 

V 

Let us suppose now that the action a is integrable. Let 0o be a normal semi-finite 
weight on A-, and let us write 0i = 0o ° Ta- If we write V = J,~ x ( J$), we 

N° 
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get a representation of 0 which implements a and which we shall call the standard 
implementation of a ( [E5] , 3.2 and [E4j 8.6). 

Moreover, there exists then a canonical isometry G from H ^ s (gy H ^ into H^ 1 b ® a H 

y o 17 

such that, for any x G 9tr 0 fl 91,^, () G D^H^b, u°) and e in 91$, 

(1 J<$>eJq>')G(Aip 1 (x') s &) r (j) ^(^-0(C b^a Y$A$(e)), 

v y q i/ 

where r is the canonical injection of A- into A, and s(x) = J^ 1 x*J^ 1 for all x G A £ . There 
exists a surjective ^-homomorphism 7r £ from the crossed product (A x„ 0) onto s(A-)', 
defined, for all X in A x a 0 by vr a (A") s <g) r 1 = G*XG. ft should be noted that this algebra 

A a 

s(A £ )' is the basic construction for the inclusion A- C A. ( |E5j . 3.6) If the operator G is 
unitary (or, equivalently, the ^-homomorphism 7r £ is an isomorphism), then the action a 
is called a Galois action ( |E5] 3.11) and the unitary G = a u G its Galois unitary. 

8.1.2. Definition. ([E4] 6.1) A left action of 0 on a von Neumann algebra A is a couple 
(a, b), where 

(i) a is an injective ^-homomorphism from N into A; 

(ii) 1) is an injective ^-homomorphism from A into M y* a A; 

N 

(hi) b(a( n )) = a(n) 1 for all n G N, and (id p* a b)b = (T p* a id)b. 

N N N 

Then, it is clear that (a, is a right action of 0° on A. Conversely, if (6, a) is a left 
action of 0 on A, then, (6, ova) is a left action of 0° on A. 

The invariant subalgebra A- is defined by 

A- = {x G A fl a(N)' : b(x) = 1 x}, 

N 

and T b = (<|)oi?^* a id)b^ is a normal faithful operator-valued weight from A onto A-. The 

V 

action 1) will be called integrable if T b is semi-finite. It is clear that lb is integrable if and 
only if Qvb is integrable, and Galois if and only if qjyb is Galois. 

8.1.3. Definition. ([E5] 2.4) Let (b, a) be a right action of 0i = (W, Mi, aq, /3\, Ti, Tf, T[, vf) 
on a von Neumann algebra A and (a, b) a left action of 02 = (N 2 , M 2 , a 2 , /3 2 , T 2 , T 2 , T' 2 , u 2 ) 

on A such that a(N 2 ) C b(Ni)' We shall say that the actions a and b commute if 

6(W) C A-, a(N 2 ) C A-, (b b * ai id) a = (id p 2 * a a)b. 

iVi JV2 

Let us remark that the first two properties allow us to write the fiber products j) b * ai id 

iVi 

and id p 2 * a a. 
n 2 

8.1.4. Definition. ([E5] 6.5) For i — 1,2, let 0,; = (N t , Mi, on, /3j, Ti, T[, vf) be a measured 
quantum groupoid. We shall say that 0i is Morita equivalent to 0 2 if there exists a von 
Neumann algebra A, a Galois right action ( b , a) of 0! on A, and a Galois left action (a, b) 
of 0 2 on A such that 

(i) A a = a(N 2 ), A b = b(Ni), and the actions ( b , a) and (a, b) commute; 

(ii) the modular automorphism groups of the normal semi-finite faithful weights zq o 
b~ l o T b and u 2 o a -1 o T a commute. 

Then A (or, more precisely, (A, b, a, a, b)) will be called an imprimitivity bi-comodule 
for 0i and 0 2 . 
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8.2. Proposition. Let N be a quotient type co-ideal of (the von Neumann version of 
a) compact quantum group G = and let us consider the measured quantum 

groupoid <3(N, ad|Ar, V\ N ,u\n) constructed in \7.4-4\ 

(i) There exists a unitary V 4 from H fi|JV 0 a d lN (H 0 H u ) onto H 0 H such that 

U)\ N 


v 4 (f R|jv 0 a d |iv (v ® J. lN K ]If (x*))) = R ( X )Z ® V 

U\ N 

for all x G N and f, y in H. Moreover, for all z G R(N)', x G N and y G B(H), 


V 4 0 R lN ®ad {N 1) = {Z 0 1 H )V 4 , 

N 

V 4 (lHR [N ® adlN U^ N (y®x°)(U^ N y) = (R(x)®y)V A . 

N 


(ii) Let y G M and a{y) = VfT(y)V 4 . Then a(y) belongs to M r ]n *^ n (G x ad|JV N). 

N 

(Hi) Let x G N. Then a(R(x)) = 1 R,„<S>adi N /3(x), where (3 is the canonical anti- 

N 

representation of the basis N into G ix ad|Ar Ah 

(iv) (R\n,u) Is a right action of <3(N, ad|jv, T|jv, cu|at) on M. 

(v) The action a is ergodic, and integrable. More precisely, the canonical operator¬ 
valued weight T £ is equal to the Haar state u. 

(vi) The action a is Galois and its Galois unitary is V 4 *W*a. 

Proof, (i) Bv l4.3f i) applied to the braided-commutative G-Yetter-Drinfcl’d algebra (N, ad|jv, T \n), 
we get that U^ N (y 0 J^ N A W|JV (x*)) belongs to D((H 0 H^ N )ad ]N , v\n) and that 




; I^V( 


,ad 


ad 


(U^f N (y 0 J u A u |JV (a;*))) = Uf^ N lr,J u , N x* J L 


J \N‘ 


Therefore, using standard arguments, we get an isometry V 4 given by the formula above. 
As its image is trivially dense in H (£> H, we get that V 4 is unitary. The commutation 
relations are straightforward. 

(ii) Thanks to the commutation property in (i), a(y) belongs to M R ^ N * ad[N B(H<SiH UJlN ). 

N 

By ESP), 


(<B N)’ = <T(G° N°)(UZTy = Kin M' ® 1 U adV(JV°))"(K;y)*. 


,ad 


T ad 


,ad 


1 \N 


X \N 


l \N\ 


On one hand, the commutation relations in (i) imply 


i ad|JV <^(m' 01 )(u'Z N y = v;(i H 0 m')v 4 , 


ad i 


1\N 


which evidently commutes with a(M) = VfT(M)V 4 . On the other hand, if z G M and 
x G N, then 

V 4 (l R lN ®zd lN U^f N (z 0 x°)(U^f N y)V; = Jx*J®z = [JJ 0 l)cr(z 0 x°)a(JJ 0 1) 

W |JV 
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and hence 

W iv®ad |JV <T ad^(lV 0 )(<^)*)U 4 * = (JJ®l)a^ N (N°)a(JJ® 1) 

w |iV 

= (J ® J)crad|Ar(A^)cr(J (8) J) 

= (J <g) J)W{N (8) lfl-)VF*(J <g) J) 
= W*(R(N)®1 H )W 


which commutes with T(M) = W*(1r ® M)W. 

Therefore, a(y) commutes with 1 R lN ®ad lN (G x ad|JV N)'. 

N 

(iii) Using [275T41 applied to (G, ad|jv, T|jv), we get that /3(x) = U^ JV c»! 0 (x 0 )(LC d i | JV )*, 
where we write a = Ti^ and a°(x°) — (R <8> . 0 )T(x) E M ( 8) IV 0 to avoid confusion with 
T°. Then the commutation relations in (i) imply that 


ViO-H R ]N ®ad lN P(x))V^ 

N 


u 4 (l 


H R 


I N 


T ad 


\N 


N U^ N a°(x°)(U:^ N y)V 4 


ad|jv^ 

U}\ N 


N 


is equal to q(R <g) f?)(T(a;)) = T(R(x)) = V 4 a(R(x))V£. 

(iv) Let us hrst £x notation. We denote by 

? o ad|Ar: G x ad|Jv N —» (G x ad|Jv N) <8) M 

the dual action followed by the flip. Standard arguments show that there exists a unitary 


V 5 : {H® H^ N )p (8) ad|JV (tf <8) H^ N ) -)■ H ® H U{N <8> H 

U1\n 

such that 

U 5 (S^ (8) ad, N U^H (v ® A^ |JV (x*))) = P(x)E ® 7} 

U1\ N 

for all E E H ® iL W|JV , r] E H , x E N. 

We need to prove commutativity of the following diagram, 


ad,. 


M 


r 

M ® M 

ady * 


(i) 


id(g>r 


M ® M — 

Tlgiid 

M ®M®M 


M fi * ad (Gx IV) 


( 2 ) 


r*id 


(3) 


-- (M (8) M) {VoR) * ad (G x N) 


ady* <8>id 


(4) 


ady* *id 


Mr * ad (G x ad N) — zs- Mr * ( adl g,i)((G x ad N) ® M) - Mr * ad (G x ad N)g* ad (G x N ), 


id*<;ad 


N 


id*ad^» 


N 


N 


where we dropped the subscripts from R and ad. 

Commutativity of cells (1) and (2) is evident or easy. 

Let us show that cell (3) commutes. By definition, 

{<; o adpv)(X) = Wf 3 {X ® l)^)* 

for all X £ G x ad|JV N, where 

W c = (J® J)W(J® J) eM'®M , 
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and r(a;) = W c (x ® 1 )W C for all x G M. Therefore, 

(6) (ady 4 » ®id)((id <g> T)(r)) = ad (v ^ 0lff)(lH0 ^ c) (F ® 1), 

(7) (id * c o ad|„)(ad^(y)) = ad (1 0 ® 0 

I u\ N l JV 

for all Y G M ® M. To prove that the two expressions coincide, it suffices to show that 
the following diagram (**) commutes: 


(**) Hr |jv ® ^AHQHv )®H -—- ^H Rw ® ^ (H <g> H„ ) ® H 

^|JV ^IJV 


140lfr 

H®H®H 


T401.fr 

H®H®H 


ws. 


,ad 


But since the first legs of OW- jV G M ® B(Hu, N ) and W c G (M)' ® M commute, 


ad 


(Vi ® 1-ff) (li?|jv ® (ad |JV 01)^13) (6% ® ad |Jv ^ fa ® X°A^ |JV (1)) ® 7?) = 


J |JV 


J |JV 


T ad 


= (U ® 1h)Kr,„ ® ® z 0 A„,„(l) ® 1?)) = 


°\N 


T ad 


= r(x)z ® w c ( v ® 1?) = fT 2 c 3 (i/ 4 ® ih)(^ |jv ® a d|JV t/:rr ® ^°a. |jv (i)) ® ^). 

oj|rv 

for all 7? G H. Therefore, diagram (**) commutes, the expressions ((6]) and (JTJ) coincide, 
and cell (3) commutes. 

To see that cell (4) commutes as well, consider the following diagram: 


HR\ N ® ad\ N (H ® Hu\ N )p ® ad| Ar (i? ® i^oJirv) 

U1\n 


1401 


(•H ® H)(ToR\ N ) ® ad| n(H ® Hu\ Nj 


10V 5 


10X4 


Hr ]n ® ad \ n (H ® H^ n ) ® H 

LO\ N 

' T401 

H®H®H 


We show that this diagram commutes, and then cell (4) commutes as well. We first 
compute (V4® 1)(1® V P 5 )(^fl| Jv . ® ad^^Tfa ® ®°Aa, |JV (l))jg ® ad^t^Tfa ® T/OY^l))). 

ta|jv uj|rr 

We use (iii) and find that this vector is equal to 


t |iV ^ aa |jv 
w |iV 


(Vi ® !)(£ fi|jv®ad |JV P(y)Uu^ fa ® i°A U|n (1)) ® 1?)) 


and therefore 

(r(R(y)) ® i)(Vs ® 1)^ ® ad fa ® ^ (1)) ® 7?) = 

= (T(.Rfa)) ® 1 )(R(x)£ ® 77 <g) 1 ?). 


On the other hand, 

(l®y 4 )(V4®l)(^,rv 


^|JV W\N 
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is equal to 

(1 <g> V 4 )((R(x)Z <g> v)(Tor [ n) ® ad |JV <T(0 <8 2 /°Acj( 1))) = r(i2(y))(i2(x)e ® rj) ® 0 

W|jV 

as well, which finishes the proof of (iv). 

(v) Let y G M n R(N)' and assume a(y) = y R[N ® ad^l- Then by (i), V{y)V A = 
V 4 {y R , N ® adijv^) — {y ® l_ff)V 4 and hence T(?/) = y ® 1 h, whence y is a scalar and a is 

1 N 

ergodic. 

The canonical operator-valued weight P £ is equal to (idp |JV * ad |JV $) ° a, where $ = 
uj o ad -1 °T a ^, and is the left-invariant weight from G x a d|^ N to ad(iV), i.e. the 

operator-valued weight arising from the dual action on G x ad|JV TV, that is, (a; (8) id) oad|jv. 
In fact, these operator-valued weights are conditional expectations. 

We write = (id <g) uj) o ^ad|Ar and use commutativity of the cells (1) and (3) in 

diagram (*), and find that for any x G M + , 

( ic V * 3d ]N T^r )oa(x) = (id R * ad |JV T a Tk) o ady 4 * o T(x) 

CJ|jV l iV W\n 1 

= (( id R,jv * adi^id) ® uj) o (id R * ad ^ad|Ar) ° ady* oT(x) 

a!|jv 

= ((id R * ad.jvid) ® u) o (adv* ®id) o T (2) (z) 

U\N 

= ady 4 * o(id (8) id <8) uj) o r^(x) 

= ady 4 * o(l M<S)M ■u)(x ) 

= 1 (M RlNu * NadlN G* &dlN N)-“( X )’ 

where T 1 - 2 ’ = (T<S)id) oT and, for any von Neumann algebra P, Ip-co denotes the positive 
application x h->■ uj{x)lp. Therefore, we get (v). 

As a is integrable and ergodic, by ( [E5] . 3.8) or 18.1.21 , there exists an isometry G 
from H 0 H to H R[N <g) ad^ N H u ^ N such that, for all ( G D(H R \ N , (u;|Ar) 0 ), x G M and 

W |JV 

e G G Xad^ N, 

(1-Rijvr® ad| Ar Tje</j)G(xA tJ (l) C) fi(^) (Ci?|jv ad| A rTjAj(e)). 

N W|j\r 

Let y* G M and let us take e = y* <8> 1 G G Kad^ N. The relation = U^ N (J <g) J^ N ) 
implies JgeJj = (y° ® 1)(U^ N )* and 

<i r JV (j/°A w (l)®A W|JV (l)) = ^(Jy’A^l^A^l)) = U^ n (J^ n ) A $ (e) = J s A $ (e). 
We then get that for all £ G H, z G M, the vector (1 i* |JV ®ad|jv AgeJj)!/ 4 *(£ <g) zA w (l)) is 

N 

equal to 


(u,„® ® i)(<n*)(u„ ® ri,„cC"(^(i) ® A„qi))) = 


t|JV ^ ad|jv 


|jv o aa^' 

U)\ N 


J|jV v 



(y°zK{i) ® A W|JV (i))) 


^ 4 *(C ® y°zA. u {l)). 
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Therefore, 

(V® ^ N J%ej%)v:w*<j(xK(X) ® 0 = v;(l ® t/°)fr*(C ® ^(1)) 

1 AT 1 

= VJ(1 ® j/°)T(a;)(C ® Aa,(l)) 

= y 4 T(x)(c®?/ 0 Aa,(i)) 

= a(x)y 4 *(C®j/°Ml)) 

= a(^)(Cfi| JV ® ad lN U^l N (y°K(l) ® A (J|jV (l))) 

— ® ad| jv ^5 A{ (®) ) • 

^IJV 

Thus, we get that (1 r. n ® a d, w ^$eJ $ )h7VhV = (la^® ad, iV </$eJ $ )G' for all e = y* ® 1, 

1 jv 1 JV 

and so G = VfW*a. □ 

8.3. Theorem. Let G = (M,T,oj,oj) be a (von Neumann version of a) compact quantum 
group, Gi a compact quantum subgroup, and N the quotient type co-ideal. Then the 
von Neumann algebra M, equipped with the right Galois action (R\N,a) of G Xad !JV N 
constructed in \8.2\ and the left Galois action T; of Gi defined in \7.f\ is an imprimitivity 
bimodule which is a Morita equivalence between the compact quantum group Gi and the 
measured quantum groupoid 0(iV, ad|Ar, T|jv,W|at)- 

Proof. Let x E M. Commutativity of the cells (1) and (2) in diagram (*) implies that 

(r i? |JV *adijv id)a(x) = (id® a)T(x) 

N 

and applying ( 7 r ® id) r^*^^ id to this relation, we get: 

N 

(r 1 R]n * ad^ id)a(x) = (id <g> a)r,(x), 

N 

which is the commutativity of the right Galois action (R\N,a) of G Xad^ N and the left 
Galois action T; of Gi. 

Moreover, we had got in 18.21 that the canonical operator-valued weight T £ was the Haar 
state uj. Let uj\ be the Haar state of Gi. Then the canonical operator-valued weight Tr< 
is equal to (cui o 7r ®id)T, which is, in fact, a conditional expectation from M into M Tl = 
R(N). Composed with the state co\n° R = w\r(n), we get (wi °7T<g)u;)r = cni(7r(l))aj = to. 
Therefore, using 18.1.41 we get the result. □ 

8.4. Corollary. The measured quantum groupoid SU g (2) x ad|52 S 1 constructed in 
Morita equivalent to T. 

Proof. Apply 18.31 to 17.4.51 □ 

8.5. Corollary ([Rij). Let G be a compact group and G\ a compact subgroup of G. The 
the right action of G on GjG\ defines a transformation groupoid {G/Gf) G and this 
groupoid is Morita equivalent to G\. 

Proof. The canonical surjective ^-homomorphism from L°°(G) onto L°°(G 1 ) gives to 
L°°(G/G 1 ) a structure of a quotient type co-ideal. The restriction of the coproduct 
r_L°°(G) to L°°(G/G 1 ) is just the right action of G on G/G\, and the measured quantum 
groupoid G x r L°°{G/Gi) is the dual of the groupoid {G/Gf) G. Therefore, bv 17.11 
its dual is just the abelian von Neumann algebra L°°((G/G 1 ) w G), and, bv 18.31 we get 
the result. □ 


7.4.5 is 
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